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Why curved elements?
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curved domain

Why curved elements?

linear elements (p = 1)
Ng =151

curved elements (p > 1)
Ng =3

Robert Gaisbauer

Introduction: Why? What? How?

Page

2



2D: What do we need?

Boundary integrals (edge mapping)

. flz)-dr = i f(chk(f))|8§§k dg
= (&)
r = (z,y)
z = Ok
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2D: What do we need?

Boundary integrals (edge mapping)

[ f)ae= [ f(<I>E’“(£))| .
s
r = (z,y)
e = D)

Volume integrals (face mapping)
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2D: What do we need?

Boundary integrals (edge mapping) Volume integrals (face mapping)

0D Er
fa)-do= [ fome) |5 d
Ey Er f
= () = (&)
r = (x,y) r = (z,y)
r = OFk(E) r = Ok
Construct:
’ 85 ’ (95
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A usefull tool: barycentric coordinates
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Z%L:o)‘izl
Ao =¢
M =1-¢

A usefull tool: barycentric coordinates

M
A F
WV
FR
F
AL Vi»g

Z?:o)‘izl
A =¢&
)\1:?7
Apa=1-&—n
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Z%L:o)‘izl
Ao =¢
M =1-¢

A usefull tool: barycentric coordinates

S =1
A =¢&
)\1:?7
Apa=1-&—n

A= €&
)\1:77
Ay = (

Ao =1—¢—n—¢
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with

Structure of the mappings (2D, edge mapping)

1
PE(E) =Y Bk L(€)
=0
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Structure of the mappings (2D, edge mapping)

1
E .l E
(I)Ek (S) — Z (I)vekrtea:<€> -+ (I)ejge(é.> E,
[=0 Vi ,
with P
y B
(I)fek?:iex (5) — Al‘/lEk X]ER @’&, L»x VOEk

D
O (€)= > WPkbi(Ao)
1=2

and

W' € R?
{bi}izg,”.p basis of Pg(ER>
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Structure of the mappings (2D, edge mapping)

By oF
(I)Ek Z (I)vekrtea: ecfge (€>
with
Dotirea&) = NV
p
E E
(I)ejge(g) — ZW’L kb%()‘o)
and
Wk e R
{bi}izg,”.p basis of Pg(ER>
Properties:
(I)f:rte:c S Pl(ER) — PEx cP (E )
(I)edge = PO(ER) pLTEE
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Structure of the mappings (2D, face mapping)

(&, ) Z‘Pﬁ;tex n)

with

vertex

o, k! &n) = >\leFk
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Structure of the mappings (2D, face mapping)

F, Fy, by,
P k f 77 Z(I)vgrtex _|_ Z(I)egge

with
(I)’fg?:ltex(gan) — )‘lka
Orhpe(&m) = ZWﬁ;% (5 A><1—A2>p
A2

E‘O ... barycentric coordinate representing the first vertex on edge [
Ao ... barycentric coordinate representing vertex VZF"C
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Structure of the mappings (2D, face mapping)

F, Fy, by,
P k f 77 Z(I)vgrtex _|_ Z(I)egge

with

(I)’fg?:ltex(gan) — )\lka
rdyel&m) = ng}b o A><1—A2>
- A2

E‘O ... barycentric coordinate representing the first vertex on edge [
Ao ... barycentric coordinate representing vertex VZF"C

Properties:
okl e Py(F
vi;rte:): = 1( R) F = ok ¢ Pp(FR)
@edée € P,(FR) and P_jge = 0 on all edges but edge |
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Choosing a suiting basis {b;} of P)(ER)

The basis polynomials appear in the edge-parts of the mappings:

p
(I)edge T Wz b@()‘o)
Fy..l L Fk
(I)edge — Z b 1 )\ )(1 _ )‘2)
— N2
Robert Gaisbauer Construction of 2D Curved Elements Page 7



Choosing a suiting basis {b;} of P)(ER)

The basis polynomials appear in the edge-parts of the mappings:

p
(I)eEjge — Z WzEkbz<)‘0)
Fl F
(Degge — Z Wl zkb 1 )\ )(1 o )‘2)
— A2

First attempt: Nodal basis

Choose 0 =& < &2 < ... < &p41 =1 (e.g. Gauss-Lobatto points)
{bi}izg,_”,p are the unique polynomials € PS(ER) fulfllllng bz(fj) = 51',]'

Robert Gaisbauer Construction of 2D Curved Elements

Page

7



Choosing a suiting basis {b;} of P)(ER)

The basis polynomials appear in the edge-parts of the mappings:

p
ook = wa%i(xo)

edge

~

Fl F
(Degge — Z Wl zkb 1 )\ )(1 o )‘2)
— A2

First attempt: Nodal basis

Choose 0 =& < &2 < ... < &p41 =1 (e.g. Gauss-Lobatto points)
{bi}izg,_”,p are the unique polynomials € PS(ER) fulfllllng bz(fj) = 51',]'

Advantage:
WiE’“, WZP;’“ easy to compute (cf. figure)
Disadvantage:

every b; must be computed separately = slow!
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P -
Ao ~
Bob =Y WEbi(——)(1 = Xo)?
edge P l,i (1 _ )\2)( 2)

Problem:

(1 — X\2)P drops very fast for great p
= curved edge is not extended well into the element
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F,
ec]l{:ge Z 1 _ )\2)(1 _ )‘2)

Problem:

(1 — A2)? drops very fast for great p
= curved edge is not extended well into the element
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» -

Fol r Ao ~

o= YW Ry
i=2 2

Problem:

(1 — A2)? drops very fast for great p
= curved edge is not extended well into the element

Robert Gaisbauer Construction of 2D Curved Elements Page 8



F,
ec]l{:ge Z 1 _ )\2)(1 _ )‘2)

Problem:

(1 — A2)? drops very fast for great p
= curved edge is not extended well into the element

Solution:
Hierarchic basis

{bi}izg,m,p such, that b; € PZO(ER)
Advantage:

Extension can be changed to (1 — \s)°
computation of b; gives all bo, ..., b;_1 = fast!

Disadvantage:

W,L-E’“, Wli’“ more difficult to compute (but only once!)
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How do we get the W, ZF;"“?

Orthogonal projection onto PY(ERg) in H'(ERg)-seminorm
Find ®F € PY(ER) such that

edge
E E . E
(D F — W | = min  |[® — WU ¥ |1
edge edgel H'(ER) edge H* (ER)
g g ®cPY(ER) I

% (E)

, E
Y ol (©)
[=0
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How do we get the W, ZF;"“?

Orthogonal projection onto PY(ERg) in H'(ERg)-seminorm
Find ®F € PY(ER) such that

edge
ol gl — min |® — Ul
| edge €dg€|H1(ER) S PY(Ep) | edge|H1(ER)
<
FE FE
Vo € P)(Er): (P.r.,®) = (U1 P

1
Y ol (©)
[=0

P (E)
Ek
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How do we get the W,L-E"“,

Orthogonal projection onto PY(ERg) in H'(ERg)-seminorm

Fl.
li *

Find ®.% € PY(ER) such that
N = min | — U
‘ edge edge'Hl(ER) <I>€P19(ER) | edgelHl(ER)
<~
E E
Vo € P)(Er): (P.r.,®) = (U1 P
E E
\v/bj : <(I)ec§€ge7 b3> — <\Ijec?ge7 b]> s
‘{Iedlfge(é)
1 E,
E. 1
2 i)
=0
Robert Gaisbauer Construction of 2D Curved Elements Page 9




How do we get the W, ZF;"“?

Orthogonal projection onto PY(ERg) in H'(ERg)-seminorm

Find ®.% € PY(ER) such that
ok gl — in & — ok
| edge €dg€|H1(ER) ¢€II£3§)1853)| edge|H1(ER)
<
E E
Vo € P)(Er): (P.r.,®) = (U1 P
E E
\v/bj : <(I)ec§€ge7 b3> — <\Ijec?ge7 b]> E
<Z Wz bi? b]> — <\Ijedge7 b3>
1=2 Ek

1
Y ol (©)
[=0
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How do we get the W, ZF;"“?

Orthogonal projection onto PY(ERg) in H'(ERg)-seminorm

Find ®.% € PY(ER) such that
E E . E
‘(I)ecfl{ge o \Ijecfge|H1(ER) — CIDEIIEE(HER) |(I) o \Ijejge|H1(ER)
<
E E
VO € P)(ER): (Qejye @) = (Y g, D)
E E
\v/bj : <(I)ec§€ge7 b3> — <\Ijec?ge7 b]> E
<Z Wz bi? b]> — <\Ijedge7 b3>
1=2 1 Ek
- E} / / Ey, , / Z CI)VE’;’tlex (E',)
Swi [ wenea = [ (vE) ©nea
1=2 LR ERr
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How do we get the W, T, }?

Orthogonal projection onto PJ(Eg) in H'(Eg)-seminorm
Find @7k ¢ P)(ER) such that

edge
FE . E
‘(I)edge \Ije;ge‘Hl(ER) — q)EII%Ql(nER) |(I) o \P€§Q€|H1(ER)
<
E E
Vo € P)(Er): (P.r.,®) = (U1 P
E E
\v/bj : <(I)ec§€ge7 b3> — <\Ijec?ge7 b]> B
p 5 5 ‘{ledlfge(g)
<Z Wz kbi? b]> — <\Ijec§€ge7 b3>
=2 ] E,
- By, / / Ep )’ / Z q)vl?;”tlex (E")
Sowi [ wem@a = [ (vE) onee B
i=2 ERr ER
& E E E
Sowi [ wem@a = - [ om0 de-+ WL (D0 (1) - B (050)
1 =2 N ER -~ / \ ER - _O ;6
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How do we get the W, T, }?

Orthogonal projection onto PJ(Eg) in H'(Eg)-seminorm

Find CIDGdge € P)(ER) such that
E . FE
‘(I)edge \Ije;ge‘Hl(ER) — q)EII%Ql(nER) |(I) o \P€§Q€|H1(ER)
E E
v® € P)(Er): (P, ®) (Vok or @)
E E
\v/bj : <(I)ec§€ge7 b3> <\Ijec?ge’ b]> s
p . . ‘{led]fge(g)
<Z Wz kb@’ b]> <\Ijec§€ge7 bj>
1=2 Z] Ek
p , Dyt ()
Swi [ wenee - [ (v epee T
i=2 LR ER
- E E E
Sowi [ wem@a = - [ om0 de-+ WL (D0 (1) - B (050)
1=2 \ER -~ J (. ER - _O ;6
W Ek A7Lf

Robert Gaisbauer

Construction of 2D Curved Elements

Page

9



with

gives

with

How to get the derivatives: Edge mapping

El E
(I)Ek Z (I)vekrtex e;ge(é-)

O,k (&) = >\leEk

vertex

p
Pedge(6) = D Wbi(Mo)

d(I)Ek: 1 do vek;te:c d(I)eEjge
ZZ e ©
dq)fgrtex L d)\l Ey
Ao’ L d
O S WE ) 2 ©
1=2
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How to get the derivatives: Face mapping

Similarly we get

OPIHE ) _ 5~ Ouiten ), 3 OPedie(&)

a€ [=0 85 [=0 5’5
with
aq)fgqliﬁem (9)\; F.
¢ (&n) = a—g(f,n)‘/z
o0l 2on L ho B -R) Ko=) 3 iy, O
cdoce,n) = Wik | (—2L )28 _ %21 = Xo) + by (—22) (1 = Ag) N (=222
oe (& ; L z(l_&) 1) ( ) (= 2)( T

and analogous
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3D: What do we need?

Boundary integrals (edge mapping)
1 |
)

r = (x,y,2)
v o= k(g
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3D: What do we need?

Boundary integrals (edge mapping) Volume integrals (face mapping)
Il CI)Fk :
1
| F, T,
R G G A 2 - Y NI S EoN -\ - -\ -
Fp Z ,
Ly
=§ =

[ 1@ o= [ g@nie) | % as [ swae= [ s@me)| 25 d
= () £ = (€00
L = (xvyv'z) L = (Qj,y,Z)
r = oR(g o= 9Tk
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3D: What do we need?

Boundary integrals (edge mapping) Volume integrals (face mapping)
7 - ;
1
| F, T,
R G G A 2 - Y NI S EoN -\ - -\ -
Fp Z ,
Ly
=§ =

B P, (9<I>Fk. B T, oDk
[ s)-az= [ sty |- [ swan= [ st e as

- () = (€0

v = (@9 v o= (@

= @R 0

Construct:

s . 0T

L ol o

Robert Gaisbauer Construction of 3D Curved Elements Page 12



Structure of the mappings (3D, face mapping)

F,
Fk Fka 1 : V]k
o ‘f 77 E :(I)verte:c ) F D+ :
VR :
1
|
W|th FR Z , .
VFR VOFR A ‘ VOFk
= g -

ot (em) = ANV

Robert Gaisbauer Construction of 3D Curved Elements Page 13



Structure of the mappings (3D, face mapping)

F , Ia : M [ VFk
(I)Fk ‘5 77 Z(I)ve]zcrte:c &, 1 _I_Z (I)eclicge face(g 77) VFe P’ | 1
] ! F
)__‘/ZF/(__ — — - \= =
oF P - ooz "
vg“tex(€7 ) — )\lvi )
F, F N \¢
edkge(g 77) — Z Wl Zkb )(1 _ )‘2)
P 1 — )\2
P Ao
Dpece&m) = D U iAo —0) (1= Ao)™
1,7 >2 2
i+7<p+1
and
W'k, Uk e R?

l,2

Robert Gaisbauer Construction of 3D Curved Elements Page 13



Properties:

o/l e Py(Fg)

vertex

@55;2 € P,(Fg) and CIDGFC’;;e = 0 on all edges but edge | = @' € P (FR)

F
O I)g(jg}g)

face

Robert Gaisbauer Construction of 3D Curved Elements Page 14



Structure of the mappings (3D, tetraeder mapping)

3

(I)Tk<€7777<-) — Z ’Uertea: )
[=0

with

Do (6mC) = NV
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Structure of the mappings (3D, tetraeder mapping)

(I)Tk<€7 777 C) Z (I)'Uertea: f 77 C —|_ Z (I)Z}l;ée f’ ’C)

+ Z(I)face 57 7

with
vertex(£ n, C) — )\l‘/ZEk
- F 5\0
edge(gv 7C) — Z Wl,ikbi( )(1 o )‘2 o )‘3)
£ 1= X2 — As
. T} )\O 5‘ 1—1
face(é-’ 7C) — Z Ul ¥ ]b N )b ( )(1 _ >‘2 _ >\3) (1 - )‘3)

1—Ddo— A3 " 1— )3

1,7>2
1+7<p+1
and
T}, 3
Wl,i,j, Ul i€ R

Robert Gaisbauer Construction of 3D Curved Elements Page 15



Properties:

o F e Py(TR)

vertex

@Zﬁée € P,(Tr) and <I>€dg = 0 on all edges but edge | 3 = &'k € P,(TR)

L' P »(Tr) and &' =0 on all faces but face

face face

Robert Gaisbauer Construction of 3D Curved Elements Page 16



How do we get the W, ¥, U;#?

l,2 7

WZF;.’“ are computed like in 2D
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How do we get the W, ¥, U;#?

l,2 7

WZF;.’“ are computed like in 2D

Uﬂ? are found through orthogonal projection onto P)(Fg) in H'(Fg)-seminorm
Find ®7% € PY(Fg) such that

face

F F . F
|(I)ffbc6 N \PfZCe|H1(FR) — <I>€r1£101?FR) P~ \PfZCe|H1(FR)
p

20l Em) + ) @i Em)

Robert Gaisbauer Construction of 3D Curved Elements Page 17



How do we get the W, . U k7

1, 9

WZF;.’“ are computed like in 2D

U; ’“ are found through orthogonal projection onto P)(Fg) in H'(Fg)-seminorm
Find &7 ¢ PY(Fg) such that

face

F . F
|(I)face o \PfZCe|H1(FR) - <I>€r1£101?FR) P - \ijfwe'Hl(FR)
p

Utilizing that {b;(£)b;( ig)(l — &)Y i>2 ivj<pt1 IS a basis of
P)(Fg), and rewriting it {B;}, it follows Zcbvikr;lex(i,n) +Z,<I>Z}gé(§,n>

0B,
d Uk / VB; VB, d¢ = — / Lk AB;dE+ / e dg
i JFR F'g OFR

:Alj ==

J

UFk _ A—lf

Robert Gaisbauer Construction of 3D Curved Elements Page 17



Some pictures: Circle
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Some pictures: Sphere

X1

p=1, Nggp =20 p=1, Ngrp =80 p=2 Ngrp =20 p=295, Ngg =20
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Some pictures: Sculpture

p=1, Ngg = 2112 p=2>5, Nggp = 132
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Some pictures: Two cylinders

p=1, Ngg = 1505 p=>5, Ngp =94
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Results (2D)

Q={zxeR?: |z|| <1}
(1, = discretization of {2 with 8 elements of order p
Eb::‘ﬁx%dx_ﬁBde

ZEA:::\j;h)dlr—-j;zdlﬂ

p || Es E
1 2e-1 3e-1
2 || 4e-3 5e-3
3 2e-5 7e-5
4 3e-7 Oe-7
5 6e-9 le-8
6 || 7e-11 | 1le-10
7 || le-12 | 2e-12
8 || 4e-15 | 4e-14

Robert Gaisbauer Some Pictures And Numerical Results Page 22



Q={zeR®: |z|| <1}

(2, = discretization of €2 with 20 (,80) surface elements

Es = | faszp dx — [o d|

by = ’fgpdx_ Jor ]

Results (3D)

D Egp E‘Z/O EgO E‘S/O
1 3 2 Oe-1 5e-1
2 4e-1 2e-1 3e-2 2e-2
3 2e-2 le-2 3e-4 3e-4
4 le-3 le-3 7e-6 3e-6
5 8e-b 7e-5 7e-8 4e-8
§) 2e-5 le-5 le-7 fe-8
14 le-7 2e-7 || 8e-10 | 4e-10
3 3e-7 le-7 6e-10 | 3e-10
9 2e-8 le-8 2e-11 | 9e-12
10 6e-9 3e-9 || 4e-12 | 2e-12
15 || 7e-13 | 5e-13 || 1e-13 | be-14
20 || 2e-13 | 4e-14 || 1e-13 | 5e-14

Robert Gaisbauer

Some Pictures And Numerical Results
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Results

Laplace problem:

~Au = 6 inQ={zxecR:|z| <1}
u = 0 on 0N

Exact solution:
u=2x’+y*+2°-1
Finite element discretization:

64 curved elements (polynomial degree p, =1, ..., 10)
high order elements (polynomial degree ps =1, ...,10)
gives approximate solution wu,, .

Error:

Epg,ps — Hupg,ps o uHLz(Q)
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0.1 P
0.01 ¢
0.001

0.0001 |

L2 error

1le-05 t

1e-06 t

1le-07 F

e-08 | ' ' ' '
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Open work

Adaption to square, prism, pyramid

Robert Gaisbauer Some Pictures And Numerical Results Page 26



