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2D: What do we need?

Boundary integrals (edge mapping)

ΦEk

y

x
ER

Ek

10
ξ

∫
Ek

f(x) · dx =
∫

ER

f(ΦEk(ξ))
∣∣∣∣∂ΦEk

∂ξ

∣∣∣∣ dξ

ξ = (ξ)

x = (x, y)

x = ΦEk(ξ)
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A usefull tool: barycentric coordinates

ER 1
1 ξ
ER

0
ER

0

V E V E

ξ =
∑1

i=0 λiV
ER
i∑1

i=0 λi = 1

λ0 = ξ
λ1 = 1− ξ
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A usefull tool: barycentric coordinates
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λ2 = 1− ξ − η
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A usefull tool: barycentric coordinates
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i=0 λi = 1
∑3
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λ0 = ξ λ0 = ξ λ0 = ξ
λ1 = 1− ξ λ1 = η λ1 = η

λ2 = 1− ξ − η λ2 = ζ
λ3 = 1− ξ − η − ζ
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Structure of the mappings (2D, edge mapping)

ΦEk(ξ) =
1∑

l=0

ΦEk,l
vertex(ξ)

with

ΦEk,l
vertex(ξ) = λlV

Ek
l

ΦEk

y

x
ER

Ek

1
ERV E

0
ERV E

ξ

1
EkV E

0
EkV E
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Structure of the mappings (2D, edge mapping)
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Structure of the mappings (2D, edge mapping)
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Properties:

ΦEk,l
vertex ∈ P1(ER)

ΦEk
edge ∈ P0

p(ER)

}
⇒ ΦEk ∈ Pp(ER)
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Structure of the mappings (2D, face mapping)

ΦFk(ξ, η) =
2∑

l=0

ΦFk,l
vertex(ξ, η)

with

ΦFk,l
vertex(ξ, η) = λlV
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Structure of the mappings (2D, face mapping)

ΦFk(ξ, η) =
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λ̃0 ... barycentric coordinate representing the first vertex on edge l
λ̃2 ... barycentric coordinate representing vertex V

Fk
l
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Structure of the mappings (2D, face mapping)

ΦFk(ξ, η) =
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λ̃0 ... barycentric coordinate representing the first vertex on edge l
λ̃2 ... barycentric coordinate representing vertex V

Fk
l

Properties:

ΦFk,l
vertex ∈ P1(FR)

ΦFk,l
edge ∈ Pp(FR) and ΦFk,l

edge = 0 on all edges but edge l

}
⇒ ΦFk ∈ Pp(FR)
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Choosing a suiting basis {bi} of P 0
p (ER)

The basis polynomials appear in the edge-parts of the mappings:

ΦEk
edge =

p∑
i=2

W
Ek
i bi(λ0)

ΦFk,l
edge =

p∑
i=2

W
Fk
l,i bi(

λ̃0

1− λ̃2

)(1− λ̃2)p
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Ek
i bi(λ0)

ΦFk,l
edge =

p∑
i=2

W
Fk
l,i bi(

λ̃0

1− λ̃2

)(1− λ̃2)p

First attempt: Nodal basis

Choose 0 = ξ1 < ξ2 < ... < ξp+1 = 1 (e.g. Gauss-Lobatto points)
{bi}i=2,...,p are the unique polynomials ∈ P 0

p (ER) fulfilling bi(ξj) = δi,j
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First attempt: Nodal basis

Choose 0 = ξ1 < ξ2 < ... < ξp+1 = 1 (e.g. Gauss-Lobatto points)
{bi}i=2,...,p are the unique polynomials ∈ P 0

p (ER) fulfilling bi(ξj) = δi,j

Advantage:

W
Ek
i , W

Fk
l,i easy to compute (cf. figure)

Disadvantage:

every bi must be computed separately ⇒ slow!

Ek

EkEWi
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ΦFk,l
edge =

p∑
i=2

W
Fk
l,i bi(

λ̃0

1− λ̃2

)(1− λ̃2)p

Problem:

(1− λ̃2)p drops very fast for great p
⇒ curved edge is not extended well into the element
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ΦFk,l
edge =

p∑
i=2

W
Fk
l,i bi(

λ̃0

1− λ̃2

)(1− λ̃2)p

Problem:

(1− λ̃2)p drops very fast for great p
⇒ curved edge is not extended well into the element

Solution:
Hierarchic basis

{bi}i=2,...,p such, that bi ∈ P 0
i (ER)

Advantage:

Extension can be changed to (1− λ̃2)i

computation of bi gives all b2, ..., bi−1 ⇒ fast!

Disadvantage:

W
Ek
i , W

Fk
l,i more difficult to compute (but only once!)
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How do we get the W
Ek
i , W

Fk
l,i ?

Orthogonal projection onto P 0
p (ER) in H1(ER)-seminorm

Find ΦEk
edge ∈ P 0

p (ER) such that

|ΦEk
edge −ΨEk

edge|H1(ER) = min
Φ∈P 0

p (ER)
|Φ−ΨEk

edge|H1(ER)

(ξ)

Σ
1

l=0

,l (ξ)
��

EkE

EkEΨedge

Ek
Φvertex
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How to get the derivatives: Edge mapping

ΦEk(ξ) =
1∑

l=0

ΦEk,l
vertex(ξ) + ΦEk

edge(ξ)

with

ΦEk,l
vertex(ξ) = λlV

Ek
l

ΦEk
edge(ξ) =

p∑
i=2

W
Ek
i bi(λ0)

gives

dΦEk

dξ
(ξ) =

1∑
l=0

dΦEk,l
vertex

dξ
(ξ) +

dΦEk
edge

dξ
(ξ)

with

dΦEk,l
vertex

dξ
(ξ) =

dλl

dξ
(ξ)V Ek

l

dΦEk
edge

dξ
(ξ) =

p∑
i=2

W
Ek
i b′i(λ0)

dλ0

dξ
(ξ)
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How to get the derivatives: Face mapping

Similarly we get

∂ΦFk(ξ, η)
∂ξ

=
2∑

l=0

∂ΦFk,l
vertex

∂ξ
(ξ, η) +

2∑
l=0

∂ΦFk,l
edge(ξ, η)

∂ξ

with

∂ΦFk,l
vertex

∂ξ
(ξ, η) =

∂λl

∂ξ
(ξ, η)V Fk

l

∂ΦFk,l
edge

∂ξ
(ξ, η) =

p∑
i=2

W
Fk
l,i

b′i(
λ̃0

1− λ̃2

)
∂λ̃0
∂ξ (1− λ̃2)− λ̃0(−∂λ̃2

∂ξ )

(1− λ̃2)2
(1− λ̃2)i + ibi(

λ̃0

1− λ̃2

)(1− λ̃2)i−1(−∂λ̃2

∂ξ
)



and analogous
∂ΦFk(ξ, η)

∂η
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3D: What do we need?

Boundary integrals (edge mapping)

ΦFk

z

x

1

1

y

Fk

ξ

FR

η

∫
Fk

f(x) · dx =
∫

FR

f(ΦFk(ξ))
∣∣∣∣∂ΦFk

∂ξ

∣∣∣∣ · dξ

ξ = (ξ, η)

x = (x, y, z)

x = ΦFk(ξ)
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ΦFk

z
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1

1

y
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ξ
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η

∫
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f(x) · dx =
∫

FR

f(ΦFk(ξ))
∣∣∣∣∂ΦFk

∂ξ

∣∣∣∣ · dξ

ξ = (ξ, η)

x = (x, y, z)

x = ΦFk(ξ)

Volume integrals (face mapping)

ΦTk

z

x
1

1

1

y

Tk

TR

ξ

ζ

η

∫
Tk

f(x) dx =
∫

TR

f(ΦTk(ξ))
∣∣∣∣∂ΦTk

∂ξ

∣∣∣∣ dξ

ξ = (ξ, η, ζ)

x = (x, y, z)

x = ΦTk(ξ)
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Volume integrals (face mapping)

ΦTk

z

x
1

1

1

y

Tk

TR

ξ

ζ

η

∫
Tk

f(x) dx =
∫

TR

f(ΦTk(ξ))
∣∣∣∣∂ΦTk

∂ξ

∣∣∣∣ dξ

ξ = (ξ, η, ζ)

x = (x, y, z)

x = ΦTk(ξ)
Construct:

ΦFk,
∂ΦFk

∂ξ
ΦTk,

∂ΦTk

∂ξ
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Structure of the mappings (3D, face mapping)

ΦFk(ξ, η) =
2∑

l=0

ΦFk,l
vertex(ξ, η)

with

ΦFk,l
vertex(ξ, η) = λlV

Fk
l

ΦFk

x

z
y

1
FkV

Fk

0
FkV

2
FkV

ξ

FR

2
RV 0

FRV

η

1V RF

F
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Structure of the mappings (3D, face mapping)

ΦFk(ξ, η) =
2∑

l=0

ΦFk,l
vertex(ξ, η)+

2∑
l=0

ΦFk,l
edge(ξ, η)+ΦFk

face(ξ, η)

with

ΦFk,l
vertex(ξ, η) = λlV

Fk
l

ΦFk,l
edge(ξ, η) =

p∑
i=2

W
Fk
l,i bi(

λ̃0

1− λ̃2

)(1− λ̃2)i

ΦFk
face(ξ, η) =

∑
i,j≥2

i+j≤p+1

U
Fk
i,j bi(λ2)bj(

λ0

1− λ2
)(1− λ2)j−1

ΦFk

z

x

y
0
FkV

1
FkV

2
FkV

Fk

ξ

FR

2
RV 0

FRV

η

1V RF

F

and

W
Fk
l,i , U

Fk
i,j ∈ R3
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Properties:

ΦFk,l
vertex ∈ P1(FR)

ΦFk,l
edge ∈ Pp(FR) and ΦFk,l

edge = 0 on all edges but edge l

ΦFk
face ∈ P0

p(FR)

 ⇒ ΦFk ∈ Pp(FR)
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Structure of the mappings (3D, tetraeder mapping)

ΦTk(ξ, η, ζ) =
3∑

l=0

ΦTk,l
vertex(ξ, η, ζ)

with

ΦTk,l
vertex(ξ, η, ζ) = λlV

Ek
l

ΦTk

x

z
y

1
TkV

0
TkV

TR

Tk
3
TkV

2
TkV

1
RV T

3
RV T

0
TRV

2V RT

ξ

ζ

η
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Structure of the mappings (3D, tetraeder mapping)

ΦTk(ξ, η, ζ) =
3∑

l=0

ΦTk,l
vertex(ξ, η, ζ) +

5∑
l=0

ΦTk,l
edge(ξ, η, ζ)

+
3∑

l=0

ΦTk,l
face(ξ, η, ζ)

with

ΦTk,l
vertex(ξ, η, ζ) = λlV

Ek
l

ΦTk,l
edge(ξ, η, ζ) =

p∑
i=2

W
Fk
l,i bi(

λ̃0

1− λ̃2 − λ̃3

)(1− λ̃2 − λ̃3)i

ΦTk,l
face(ξ, η, ζ) =

∑
i,j≥2

i+j≤p+1

U
Tk
l,i,jbi(

λ̃0

1− λ̃2 − λ̃3

)bj(
λ̃2

1− λ̃3

)(1− λ̃2 − λ̃3)i−1(1− λ̃3)j

ΦTk

z

x

y

Tk

TR 1
RV T

3
RV T

0
TRV

2V RT

ξ

ζ

η

1
TkV

0
TkV

2
TkV

3
TkV

and

W
Tk
l,i,j, U

Tk
l,i,j ∈ R3
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Properties:

ΦTk,l
vertex ∈ P1(TR)

ΦTk,l
edge ∈ Pp(TR) and ΦTk,l

edge = 0 on all edges but edge l

ΦTk,l
face ∈ Pp(TR) and ΦTk,l

face = 0 on all faces but face l

 ⇒ ΦTk ∈ Pp(TR)
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How do we get the W
Fk
l,i , U

Fk
i,j ?

W
Fk
l,i are computed like in 2D
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How do we get the W
Fk
l,i , U

Fk
i,j ?

W
Fk
l,i are computed like in 2D

U
Fk
i,j are found through orthogonal projection onto P 0

p (FR) in H1(FR)-seminorm

Find ΦFk
face ∈ P 0

p (FR) such that

|ΦFk
face −ΨFk

face|H1(FR) = min
Φ∈P 0

p (FR)
|Φ−ΨFk

face|H1(FR)

(ξ,η)

Σ
2

l=0

,l (ξ,η)Σ
2

l=0

,l

��

(ξ,η) + Fk

FkFΨface

FkFΦedge
FkFΦvertex
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How do we get the W
Fk
l,i , U

Fk
i,j ?

W
Fk
l,i are computed like in 2D

U
Fk
i,j are found through orthogonal projection onto P 0

p (FR) in H1(FR)-seminorm

Find ΦFk
face ∈ P 0

p (FR) such that

|ΦFk
face −ΨFk

face|H1(FR) = min
Φ∈P 0

p (FR)
|Φ−ΨFk

face|H1(FR)

Utilizing that {bi(ξ)bj(
η

1− ξ
)(1 − ξ)j−1}i,j≥2, i+j≤p+1 is a basis of

P 0
p (FR), and rewriting it {Bi}, it follows

∑
i

U
Fk
i,j

∫
FR

∇Bi∇Bj dξ︸ ︷︷ ︸
=:Aij

= −
∫

FR

ΨFk
edge ∆Bj dξ +

∫
∂FR

ΨFk
edge

∂Bj

∂n
dξ︸ ︷︷ ︸

=:fj

UFk = A−1f

(ξ,η)

Σ
2

l=0

,l (ξ,η)Σ
2

l=0

,l

��

(ξ,η) + Fk

FkFΨface

FkFΦedge
FkFΦvertex
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Some pictures: Circle

p = 1 p = 5
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Some pictures: Sphere

p = 1, NSE = 20 p = 1, NSE = 80 p = 2, NSE = 20 p = 5, NSE = 20
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Some pictures: Sculpture

p = 1, NSE = 2112 p = 5, NSE = 132
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Some pictures: Two cylinders

p = 1, NSE = 1505 p = 5, NSE = 94
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Results (2D)

Ω = {x ∈ R2 : ‖x‖ ≤ 1}

Ωp = discretization of Ω with 8 elements of order p

ES = |
∫

∂Ωp
dx−

∫
∂Ω

dx|

EA = |
∫
Ωp

dx−
∫
Ω

dx|

p ES EA

1 2e-1 3e-1
2 4e-3 5e-3
3 2e-5 7e-5
4 3e-7 9e-7
5 6e-9 1e-8
6 7e-11 1e-10
7 1e-12 2e-12
8 4e-15 4e-14
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Results (3D)

Ω = {x ∈ R3 : ‖x‖ ≤ 1}

Ωp = discretization of Ω with 20 (,80) surface elements

ES = |
∫

∂Ωp
dx−

∫
∂Ω

dx|

EV = |
∫
Ωp

dx−
∫
Ω

dx|

p E20
S E20

V E80
S E80

V

1 3 2 9e-1 5e-1
2 4e-1 2e-1 3e-2 2e-2
3 2e-2 1e-2 3e-4 3e-4
4 1e-3 1e-3 7e-6 3e-6
5 8e-5 7e-5 7e-8 4e-8
6 2e-5 1e-5 1e-7 7e-8
7 1e-7 2e-7 8e-10 4e-10
8 3e-7 1e-7 6e-10 3e-10
9 2e-8 1e-8 2e-11 9e-12
10 6e-9 3e-9 4e-12 2e-12
15 7e-13 5e-13 1e-13 5e-14
20 2e-13 4e-14 1e-13 5e-14
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Results

Laplace problem:

−∆u = 6 in Ω = {x ∈ R3 : ‖x‖ ≤ 1}
u = 0 on ∂Ω

Exact solution:

u = x2 + y2 + z2 − 1

Finite element discretization:

64 curved elements (polynomial degree pg = 1, ..., 10)
high order elements (polynomial degree ps = 1, ..., 10)
gives approximate solution upg,ps

Error:

Epg,ps = ‖upg,ps − u‖L2(Ω)
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1e-08

1e-07

1e-06

1e-05

0.0001

0.001

0.01

0.1

1

1 2 3 4 5 6 7 8 9 10

L2
 e

rr
or

p_s

p_g = 1
p_g = 2
p_g = 3
p_g = 4
p_g = 5
p_g = 6
p_g = 7
p_g = 8
p_g = 9

p_g = 10
p_g = p_s
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Open work

Adaption to square, prism, pyramid
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