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Joachim Schöberl Page 1



Multigrid Methods for
Nearly Incompressible Elasticity

Joachim Schöberl
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Nearly Incompressible Elasticity

Find u ∈ V := [H1
0 ]d such that

A(u, v) =
∫

fTv dx ∀ v ∈ V

with the Bilinear form

A(u, v) =
∫

2µ ε(u) : ε(v) + λ div u div v dx

Is in particular interestinig for λ � µ.

Here, conforming, low order finite element methods perform very bad, locking effect !!.

Finite element null-space Vh ∩N(div) is too small.
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Finite element method with reduction operator

Primal robust discretization methods are based on a reduction of the high energy term:

Ah(u, v) =
∫

2µ ε(u) : ε(v) + λ div Rhu div Rhv dx

Construction based on reduced integration, mixed methods, enhanced strain, ...
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Finite element method with reduction operator

Primal robust discretization methods are based on a reduction of the high energy term:

Ah(u, v) =
∫

2µ ε(u) : ε(v) + λ div Rhu div Rhv dx

Construction based on reduced integration, mixed methods, enhanced strain, ...

For good methods, the discrete null-space

Vh,0 = Vh ∩N(div Rh)

is large enough.

Example: P2 triangular element and reduction to P0 (with Rh such that div Rh = π0 div)
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Finite element method with reduction operator

Primal robust discretization methods are based on a reduction of the high energy term:

Ah(u, v) =
∫

2µ ε(u) : ε(v) + λ div Rhu div Rhv dx

Construction based on reduced integration, mixed methods, enhanced strain, ...

For good methods, the discrete null-space

Vh,0 = Vh ∩N(div Rh)

is large enough.

Example: P2 triangular element and reduction to P0 (with Rh such that div Rh = π0 div)

Standard preconditioners behave very bad !!

Goal: Design of robust preconditioners for arising FE system
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Overlapping domain decomposition preconditioning

Split large problem
into many small
problems:
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Overlapping domain decomposition preconditioning

Split large problem
into many small
problems:

Preconditioning action w = C−1 × d

Block Jacobi preconditioner:

C−1 =
m∑

i=1

EiA
−1
i ET

i

with Ei . . . N ×Ni embedding matrix and sub-space matrix Ai = ET
i AEi
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Overlapping domain decomposition preconditioning

Split large problem
into many small
problems: Coarse grid problem:

Preconditioning action w = C−1 × d

Block Jacobi preconditioner:

C−1 =
m∑

i=1

EiA
−1
i ET

i + EHA−1
H ET

H

with Ei . . . N ×Ni embedding matrix and sub-space matrix Ai = ET
i AEi

Coarse to fine embedding matrix EH . . . N ×NH, coarse grid matrix AH = ET
HAEH.
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Additive Schwarz theory

Local spaces Vi, local forms Ci : Vi × Vi → R, embedding operators Ei : Vi → Vh

Preconditioning action: C−1 : V ∗
h → Vh : d(·) → w by

w =
∑

Eiwi with wi ∈ Vi : Ci(wi, vi) = d(Eivi) ∀ vi ∈ Vi
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Additive Schwarz theory

Local spaces Vi, local forms Ci : Vi × Vi → R, embedding operators Ei : Vi → Vh

Preconditioning action: C−1 : V ∗
h → Vh : d(·) → w by

w =
∑

Eiwi with wi ∈ Vi : Ci(wi, vi) = d(Eivi) ∀ vi ∈ Vi

To be a good preconditioner, the spectral estimate

‖v‖C ' ‖v‖A

is required (‖v‖2C := 〈Cv, v〉V ∗
h
×Vh

)

Joachim Schöberl Page 5



Additive Schwarz theory

Local spaces Vi, local forms Ci : Vi × Vi → R, embedding operators Ei : Vi → Vh

Preconditioning action: C−1 : V ∗
h → Vh : d(·) → w by

w =
∑

Eiwi with wi ∈ Vi : Ci(wi, vi) = d(Eivi) ∀ vi ∈ Vi

To be a good preconditioner, the spectral estimate

‖v‖C ' ‖v‖A

is required (‖v‖2C := 〈Cv, v〉V ∗
h
×Vh

)

Additive Schwarz Lemma:
‖v‖2C = inf

v=
∑

Eivi
vi∈Vi

∑
‖vi‖2Ci

Lions, Nepomnyaschikh, Drya-Widlund, Xu, Zhang, Griebel-Oswald,...
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ε-Robust local preconditioner

Space splitting V =
∑

Vi fulfilling the decomposition inequalities

inf
uh=

∑
ui

ui∈Vi

∑
‖ui‖2V ≤ c1(h)‖uh‖2V ∀uh ∈ Vh

inf
uh,0=

∑
ui

ui∈Vi∩Vh,0

∑
‖ui‖2a ≤ c2(h)‖uh,0‖2V ∀uh,0 ∈ Vh,0

Joachim Schöberl Page 6



ε-Robust local preconditioner

Space splitting V =
∑

Vi fulfilling the decomposition inequalities

inf
uh=

∑
ui

ui∈Vi

∑
‖ui‖2V ≤ c1(h)‖uh‖2V ∀uh ∈ Vh

inf
uh,0=

∑
ui

ui∈Vi∩Vh,0

∑
‖ui‖2a ≤ c2(h)‖uh,0‖2V ∀uh,0 ∈ Vh,0

“discrete LBB condition”

inf
wh∈Vh

sup
vh∈Vh

c(div Rhwh,div Rhvh)
‖vh‖V ‖div Rhwh‖c

≥ c3(h)
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ε-Robust local preconditioner

Space splitting V =
∑

Vi fulfilling the decomposition inequalities

inf
uh=

∑
ui

ui∈Vi

∑
‖ui‖2V ≤ c1(h)‖uh‖2V ∀uh ∈ Vh

inf
uh,0=

∑
ui

ui∈Vi∩Vh,0

∑
‖ui‖2a ≤ c2(h)‖uh,0‖2V ∀uh,0 ∈ Vh,0

“discrete LBB condition”

inf
wh∈Vh

sup
vh∈Vh

c(div Rhwh,div Rhvh)
‖vh‖V ‖div Rhwh‖c

≥ c3(h)

Then the (local) additive Schwarz preconditioner Ch fulfills the ε-robust spectral estimates

{c2(h) + c1(h)/c3(h)}−1‖uh‖2Ch
� ‖uh‖2Ah

� ‖uh‖2Ch

as Vassilevski-Wang, Cai-Goldstein-Pasciak, Arnold-Falk-Winther, Hiptmair, ... for H(div) and H(curl).
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Local sub-spaces

uh ∈ V0 ⇔
∫

(divu)2 dx = 0

⇔
∫

T

divu dx = 0 ∀T

⇔
∫

∂T

nTu ds = 0 ∀T

Divergence-free base:
Sub-space covering:
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Two-level preconditioner

2-level norm:
‖vh‖2C = inf

vh=EHvH+
∑

vi

{
‖vH‖2AH

+
∑

‖vi‖2Ah

}
Norm equivalence C ' Ah requires:

• Computable continuous prolongation operator EH : (VH, ‖.‖AH
) → (Vh, ‖.‖Ah

)

• Existence of continuous interpolation operator ΠH : (Vh, ‖.‖Ah
) → (VH, ‖.‖AH

)
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ε-Robust two-Level preconditioner

Coarse grid bilinear form:

AH(uH, vH) =
∫

2µ ε(u) : ε(v) + λ div RHuH div RHvH dx

VH,0 = N(div RH)

Fine grid bilinear form:

Ah(uh, vh) =
∫

2µ ε(uh) : ε(vh) + λ div Rhuh div Rhvh dx

Vh,0 = N(div Rh)

Prolongation operator EH : VH → Vh has to map

EH : VH,0 → Vh,0
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Fortin operator

Error estimates are based on equivalent mixed formulations. Discrete LBB condition is usually verified by
the Fortin operator ΠF : V → Vh:

Continuous: ‖ΠF‖V � 1

Preserves constraints in mean: div Rhv = div RhΠFv
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Fortin operator

Error estimates are based on equivalent mixed formulations. Discrete LBB condition is usually verified by
the Fortin operator ΠF : V → Vh:

Continuous: ‖ΠF‖V � 1

Preserves constraints in mean: div Rhv = div RhΠFv

This is a robust interpolation operator from (V, ‖ · ‖A) to (Vh, ‖ · ‖Ah
):

‖ΠF
h v‖2Ah

= ‖ΠF
h v‖2ε + λ ‖div RhΠF

h v‖20
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Fortin operator
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Fortin operator

Error estimates are based on equivalent mixed formulations. Discrete LBB condition is usually verified by
the Fortin operator ΠF : V → Vh:

Continuous: ‖ΠF‖V � 1

Preserves constraints in mean: div Rhv = div RhΠFv

This is a robust interpolation operator from (V, ‖ · ‖A) to (Vh, ‖ · ‖Ah
):

‖ΠF
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h v‖20
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Joachim Schöberl Page 10



Fortin operator

Error estimates are based on equivalent mixed formulations. Discrete LBB condition is usually verified by
the Fortin operator ΠF : V → Vh:

Continuous: ‖ΠF‖V � 1

Preserves constraints in mean: div Rhv = div RhΠFv

This is a robust interpolation operator from (V, ‖ · ‖A) to (Vh, ‖ · ‖Ah
):

‖ΠF
h v‖2Ah

= ‖ΠF
h v‖2ε + λ ‖div RhΠF

h v‖20
� ‖v‖2ε + λ ‖div Rh v‖20
� ‖v‖2ε + λ‖div v‖20
� ‖v‖2Aε

Joachim Schöberl Page 10



Hellinger Reissner Mixed Methods

Mixed formulation of reduced symmetry type (Arnold-Brezzi, Stenberg, 80s):
Approximate full tensor σ ∈ R3×3, add symmetry constraint, decompose ε(u) = ∇u− 1/2 Curlu

C−1σ = ∇u + ω, div σ = −f, as{σ} = 0.
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Hellinger Reissner Mixed Methods

Mixed formulation of reduced symmetry type (Arnold-Brezzi, Stenberg, 80s):
Approximate full tensor σ ∈ R3×3, add symmetry constraint, decompose ε(u) = ∇u− 1/2 Curlu

C−1σ = ∇u + ω, div σ = −f, as{σ} = 0.

Lagrangian:

L(τ ; v, ρ) =
1
2
(C−1τ, τ) + (div τ + f, v) + (as τ, ρ)
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Hellinger Reissner Mixed Methods

Mixed formulation of reduced symmetry type (Arnold-Brezzi, Stenberg, 80s):
Approximate full tensor σ ∈ R3×3, add symmetry constraint, decompose ε(u) = ∇u− 1/2 Curlu

C−1σ = ∇u + ω, div σ = −f, as{σ} = 0.

Lagrangian:

L(τ ; v, ρ) =
1
2
(C−1τ, τ) + (div τ + f, v) + (as τ, ρ)

Mixed FEM Discretization in H(div)× L2, interelement multipliers,
Resulting displacement-elements have only face-type degrees of freedom.
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Hellinger Reissner Mixed Methods

Mixed formulation of reduced symmetry type (Arnold-Brezzi, Stenberg, 80s):
Approximate full tensor σ ∈ R3×3, add symmetry constraint, decompose ε(u) = ∇u− 1/2 Curlu

C−1σ = ∇u + ω, div σ = −f, as{σ} = 0.

Lagrangian:

L(τ ; v, ρ) =
1
2
(C−1τ, τ) + (div τ + f, v) + (as τ, ρ)

Mixed FEM Discretization in H(div)× L2, interelement multipliers,
Resulting displacement-elements have only face-type degrees of freedom.

Equilibrium methods were popular in analysis in 80s,
too complicated or too expensive for practice ?
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Stabilized equilibrium elements

Current work:

Stabilized equilibrium elements

L(τ ; v, ρ) =
1
2
(C−1τ, τ) + (div τ − f, v) + (as τ, ρ)− α‖C−1σ +∇u− ω‖2C

no bubbles necessary, cheap assembling !

Advantages:
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Stabilized equilibrium elements

Current work:

Stabilized equilibrium elements

L(τ ; v, ρ) =
1
2
(C−1τ, τ) + (div τ − f, v) + (as τ, ρ)− α‖C−1σ +∇u− ω‖2C

no bubbles necessary, cheap assembling !

Advantages:

• Elements with face dofs, robust for nearly incompressible elasticity
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Stabilized equilibrium elements

Current work:

Stabilized equilibrium elements

L(τ ; v, ρ) =
1
2
(C−1τ, τ) + (div τ − f, v) + (as τ, ρ)− α‖C−1σ +∇u− ω‖2C

no bubbles necessary, cheap assembling !

Advantages:

• Elements with face dofs, robust for nearly incompressible elasticity

• Locking free plate elements and variational thin 3D elements, higher order in thickness

Joachim Schöberl Page 12



Stabilized equilibrium elements

Current work:

Stabilized equilibrium elements

L(τ ; v, ρ) =
1
2
(C−1τ, τ) + (div τ − f, v) + (as τ, ρ)− α‖C−1σ +∇u− ω‖2C

no bubbles necessary, cheap assembling !

Advantages:

• Elements with face dofs, robust for nearly incompressible elasticity

• Locking free plate elements and variational thin 3D elements, higher order in thickness

• Conservation of momentum and angular momentum.
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