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Nearly Incompressible Elasticity

Find u € V := [H}]? such that
A(u,v):/fTde VveV

with the Bilinear form

A(u,v) = /2,u e(u) : e(v) + A div u div vdzx

Is in particular interestinig for A > pu.

Here, conforming, low order finite element methods perform very bad, locking effect !!.

Finite element null-space V;, N N(div) is too small.
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Finite element method with reduction operator

Primal robust discretization methods are based on a reduction of the high energy term:

Ap(u,v) = /Z,u e(u) : e(v) + A div Rpu div Rpvdx

Construction based on reduced integration, mixed methods, enhanced strain, ...
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Primal robust discretization methods are based on a reduction of the high energy term:

Ap(u,v) = /Z,u e(u) : e(v) + A div Rpu div Rpvdx

Construction based on reduced integration, mixed methods, enhanced strain, ...

For good methods, the discrete null-space
Vh,O =V, N N(diV Rh)

is large enough.

Example: P, triangular element and reduction to Py (with Ry, such that div R;, = m div)
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Finite element method with reduction operator

Primal robust discretization methods are based on a reduction of the high energy term:

Ap(u,v) = /Z,u e(u) : e(v) + A div Rpu div Rpvdx

Construction based on reduced integration, mixed methods, enhanced strain, ...

For good methods, the discrete null-space
Vh,O =V, N N(diV Rh)

is large enough.

Example: P, triangular element and reduction to Py (with Ry, such that div R;, = m div)

Standard preconditioners behave very bad !

Goal: Design of robust preconditioners for arising FE system
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Split large problem
into many small
problems:

Overlapping domain decomposition preconditioning

a
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Overlapping domain decomposition preconditioning

e o |
e o |

_ Tttt
Split large problem sl
into many small G N
problems:

Preconditioning action w = C~! x d

Block Jacobi preconditioner:

C!= f:EiA,;lEff
1=1

with E;... N x N; embedding matrix and sub-space matrix A; = El AE;
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Overlapping domain decomposition preconditioning

e o |
e o |

. e

Split large problem il | |
into many small G N

problems: Coarse grid problem:

Preconditioning action w = C~! x d

Block Jacobi preconditioner:

C™'=) EAT'El + EgAL'E}
1=1

with E;... N x N; embedding matrix and sub-space matrix A; = El AE;

Coarse to fine embedding matrix Eg ... N x Ng, coarse grid matrix Ay = EJEAEH.
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Additive Schwarz theory

Local spaces V;, local forms C; : V; x V; — R, embedding operators E; : V;, — V),

Preconditioning action: C~': V,* =V}, : d(-) — w by

w = ZEzwz with w; € Vi CZ(’UJZ, ’Uz') = d(E@’UZ) Vo, € V;
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Additive Schwarz theory

Local spaces V;, local forms C; : V; x V; — R, embedding operators E; : V;, — V),

Preconditioning action: C~': V,* =V}, : d(-) — w by
w = ZEﬂUz with w; € Vi: Ci(wg,v;) =d(Ewv;) Yv; €V
To be a good preconditioner, the spectral estimate
lvlle > [jv]la

is required (||v||% := (Cv,0)yyys,)
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Additive Schwarz theory

Local spaces V;, local forms C; : V; x V; — R, embedding operators E; : V;, — V),

Preconditioning action: C~': V,* =V}, : d(-) — w by
w = ZEﬂUz with w; € Vi: Ci(wg,v;) =d(Ewv;) Yv; €V
To be a good preconditioner, the spectral estimate
lvlle > [jv]la

is required (||v||% := (Cv,0)yyys,)

Additive Schwarz Lemma:
o2 = inf 3" flud?,

Lions, Nepomnyaschikh, Drya-Widlund, Xu, Zhang, Griebel-Oswald, ...
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e-Robust local preconditioner

Space splitting V' = ) V; fulfilling the decomposition inequalities

inf S Jull} < el®)lunld V€ Vi

inf > w2 < eolh

QLh,O“EZ'uz
ui€ViNVh o

\v4 Up,0 € Vh,O
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e-Robust local preconditioner

Space splitting V' = ) V; fulfilling the decomposition inequalities

“discrete LBB condition”

inf Y Juilly < ci(h)llunlly;  Vun € Vi
up=>_ u;
u; €V
inf Z ugl|z < ca(h Vuno € Vio
1‘h,0::§:'uz
ui€ViNVh o

(diV Rhwh, div thh)
inf sup

, > c3(h
whEthhevh ||’Uh||VHd1VRhwth ( )
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e-Robust local preconditioner

Space splitting V' = ) V; fulfilling the decomposition inequalities

inf S Jull} < el®)lunld V€ Vi

inf Y luglls < eah

uh,O—Z Uyq
ui€ViNVh o

v, Up,0 € Vh,O

“discrete LBB condition”

(diV Rhwh, div thh)
inf sup

, > c3(h
whEthhevh ||’Uh||VHd1VRhwth ( )

Then the (local) additive Schwarz preconditioner C', fulfills the e-robust spectral estimates

{ea(h) + cr(h)/es()}Hlunlle, = llunlla, = lunlle,

as Vassilevski-Wang, Cai-Goldstein-Pasciak, Arnold-Falk-Winther, Hiptmair, ... for H(div) and H (curl).
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Local sub-spaces

upb € Vo & /(divu)2dx:0
& /divudx:O VT
T

& nfuds =0 vT
oT

Sub-space covering:

Divergence-free base:
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Two-level preconditioner

2-level norm:

fonllz = inf _ {foulli, + 3 el )

vp=Egvg+)_ v;

Norm equivalence C' ~ Aj, requires:

e Computable continuous prolongation operator Ex : (V, ||-||a,) — (Va, |-l 4,)

o Existence of continuous interpolation operator Ilg : (Vi,||.||a,) = (Va, ||-llay)
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e-Robust two-Level preconditioner

Coarse grid bilinear form:
Ag(ug,vg) = /Q,ue(u) :e(v) + A div Ryug div Rgvg dx

VH,O = N(diV RH)

Fine grid bilinear form:
Ah(uh,vh) = /Q,LL €(uh) : 8(?}h) + A div Rpuy, div Rpyvp dx

Vh,O = N(le Rh)

Prolongation operator Eg : Vg — V3, has to map

Exg :Vao— Vio
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Fortin operator

Error estimates are based on equivalent mixed formulations. Discrete LBB condition is usually verified by
the Fortin operator IT* : V' — V},;

Continuous: 1Ty <1

Preserves constraints in mean: div Ryv = div R, IT v
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Fortin operator

Error estimates are based on equivalent mixed formulations. Discrete LBB condition is usually verified by
the Fortin operator IT* : V' — V},;

Continuous: 1Ty <1

Preserves constraints in mean: div Ryv = div R, IT v

This is a robust interpolation operator from (V.|| - |[4) to (V4, | - |4, ):

Mol = IR0l + Al div Rull, g
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Fortin operator

Error estimates are based on equivalent mixed formulations. Discrete LBB condition is usually verified by
the Fortin operator IT* : V' — V},;

Continuous: 1Ty <1

Preserves constraints in mean: div Ryv = div R, IT v

This is a robust interpolation operator from (V.|| - |[4) to (V4, | - |4, ):

T4 0], ITT, o2 + Al div RiIT; ol

lvllZ + Alldiv Ry vlg

PN

Joachim Schoberl Page 10



Fortin operator

Error estimates are based on equivalent mixed formulations. Discrete LBB condition is usually verified by
the Fortin operator IT* : V' — V},;

Continuous: 1Ty <1
Preserves constraints in mean: div Ryv = div R, IT v
This is a robust interpolation operator from (V.|| - |[4) to (V4, | - |4, ):
ITyolla, = IMEv]Z + Al div Rall;vlg
= loll2+ Al div Ryvllg
= wll2 + Al div g
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Fortin operator

Error estimates are based on equivalent mixed formulations. Discrete LBB condition is usually verified by
the Fortin operator IT* : V' — V},;

Continuous: 1Ty <1
Preserves constraints in mean: div Ryv = div R, IT v
This is a robust interpolation operator from (V.|| - |[4) to (V4, | - |4, ):
ITyolla, = IMEv]Z + Al div Rall;vlg
=< |lv||? + X||div Ry v||3
=< jv]|Z 4+ M| div v||g
= v ?46
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Hellinger Reissner Mixed Methods

Mixed formulation of reduced symmetry type (Arnold-Brezzi, Stenberg, 80s):
Approximate full tensor o € R3*3, add symmetry constraint, decompose ¢(u) = Vu — 1/2 Curlu

Clo=Vu+uw, dive = —f, as{c} = 0.
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Mixed formulation of reduced symmetry type (Arnold-Brezzi, Stenberg, 80s):
Approximate full tensor o € R3*3, add symmetry constraint, decompose ¢(u) = Vu — 1/2 Curlu

Clo=Vu+uw, dive = —f, as{c} = 0.

Lagrangian:

1
L(7;v,p) = 5(C7 ', 7) + (divy + f,v) + (as 7, p)
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Hellinger Reissner Mixed Methods

Mixed formulation of reduced symmetry type (Arnold-Brezzi, Stenberg, 80s):
Approximate full tensor o € R3*3, add symmetry constraint, decompose ¢(u) = Vu — 1/2 Curlu

Clo=Vu+uw, dive = —f, as{c} = 0.

Lagrangian:

1
L(7;v,p) = 5(C7 ', 7) + (divy + f,v) + (as 7, p)

Mixed FEM Discretization in H(div) X Lo, interelement multipliers,
Resulting displacement-elements have only face-type degrees of freedom.
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Hellinger Reissner Mixed Methods

Mixed formulation of reduced symmetry type (Arnold-Brezzi, Stenberg, 80s):
Approximate full tensor o € R3*3, add symmetry constraint, decompose ¢(u) = Vu — 1/2 Curlu

Clo=Vu+uw, dive = —f, as{c} = 0.

Lagrangian: .
L(7;v,p) = 5(C7 ', 7) + (divy + f,v) + (as 7, p)

Mixed FEM Discretization in H(div) X Lo, interelement multipliers,
Resulting displacement-elements have only face-type degrees of freedom.

Equilibrium methods were popular in analysis in 80s,
too complicated or too expensive for practice ?
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Stabilized equilibrium elements

Current work:

Stabilized equilibrium elements
1
L(t;v,p) = 5(6'_17', 7)+ (divr — f,v) + (asT,p) — ozHC_la + Vu — wHQC

no bubbles necessary, cheap assembling !

Advantages:
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no bubbles necessary, cheap assembling !

Advantages:

e Elements with face dofs, robust for nearly incompressible elasticity
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Stabilized equilibrium elements

Current work:

Stabilized equilibrium elements
1
L(t;v,p) = 5(6'_17', 7)+ (divr — f,v) + (asT,p) — ozHC’_la + Vu — wHQC

no bubbles necessary, cheap assembling !

Advantages:

e Elements with face dofs, robust for nearly incompressible elasticity
e Locking free plate elements and variational thin 3D elements, higher order in thickness

e Conservation of momentum and angular momentum.
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