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Given:

Equations of Magnetostatics

4 .. current density s.t. div 7 =0

Compute:

B .. magnetic flux density
H .. magnetic field intensity

such that

with the boundary conditions

B =uH div B=20 curl H =

eitherr B-n=0 or Hxn=0
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Vector potential formulation

Since div B = 0 (plus compatibility conditions), there exists a vector potential A such that

B =curl A

Combining the equations above gives us

1

curl p~ " curl A =

with boundary conditions

eitherr Axn=0 or (u 'curl A)xn=0
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Vector potential formulation

Since div B = 0 (plus compatibility conditions), there exists a vector potential A such that

B =curl A

Combining the equations above gives us

1

curl p~ " curl A =

with boundary conditions

eitherr Axn=0 or (u 'curl A)xn=0

The weak formulation is to find A € V := Hp(curl) such that

/,u_lcurlAcurlvdx:/jvdx VoelV.
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Vector potential formulation

Since div B = 0 (plus compatibility conditions), there exists a vector potential A such that

B =curl A

Combining the equations above gives us

1

curl p~ " curl A =

with boundary conditions

eitherr Axn=0 or (u 'curl A)xn=0

The weak formulation is to find A € V := Hp(curl) such that

/,u_lcurlAcurlvdx:/jvdx VoelV.

Problem: A is defined up to a V!
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Gauging possibilities

1. Do not gauge, work on factor space H(curl)/VH!.

Fine, if error estimates etc. only depend on curl A
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Gauging possibilities

1. Do not gauge, work on factor space H(curl)/VH!.

Fine, if error estimates etc. only depend on curl A

2. Gauging by regularization. Add small Lo-term:

/,u_lcurlACurlvdx+€/Avdx:/jvda: VoelV.

Fine, if error estimates etc. do not depend on «.
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Gauging possibilities

1. Do not gauge, work on factor space H(curl)/VH!.

Fine, if error estimates etc. only depend on curl A

2. Gauging by regularization. Add small Lo-term:

/,u_lcurlACurlvdx+€/Avdx:/jvda:

Fine, if error estimates etc. do not depend on «.

3. Gauging by explicit constraints, i.e., solve the mixed problem:

[pteurlAcurlvde + [vVepdz
[ AVY dz

0

Space for Lagrange parameter is H'.

YveV.

[ jvdx Vv e H(curl)

Vi € H?
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The de Rham complex

—  H(curl) cur H (div)

U U

curl
— Vi — Qn

div
—

div

L2
U
Sh
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e basic properties: Bossavit

The de Rham complex

H (curl) g (div)
U U
Vi TS Qu

e a-priori estimates: Monk, Vardapetyan-Demkowicz, Nicaise

div
—

div

L2

e Eigenvalue problems: Kikuchi, Boffi, Demkowicz-Monk-Schwab-Vardapetyan

e Multigrid and domain decomposition: Arnold-Falk-Winther, Hiptmair, Toselli

e A posteriori error estimates: Beck-Hiptmair-Hoppe-WohImuth
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The de Rham complex

H? -, H (curl) cur H (div) A,
o lHV lHQ [ns
Wy, — o) A,
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The de Rham complex

7 Y Hewl) % Hdiv) &% 12
lHW lHV 1< lHS
Wi, -, Vi, cur) Qn A, Sh

The quasi-interpolation operators shall fulfill the commuting diagram properties

VIV =1V curll) =T%curl  divII¥? = I} div
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Some Definitions

Q) .. polygonal Lipschitz domain in R”

Spaces:

Tetrahedral mesh with

) = {wé€Ly:Vw € [Ly]*}
Vi=H(cur,Q) = {ve[Ly)?:curlv € [Lo]*}

) = {q c [LQ]B : le(] < LQ}

)

set of vertices V= {V;},
set of edges E=A{Ei},
set of faces F ={Fijr},

set of tetrahedra T =A{Tijn}-
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Finite elements

Finite element subspace of H!:
Wh:{’UEH1:U|T:aT—|—QT'£ VTET}

4 degrees of freedom: Nodal values
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Finite elements

Finite element subspace of H':
Wh:{’UEH1:U|T:aT—|—QT'£ VTET}
4 degrees of freedom: Nodal values

Nédélec finite element subspace of H(curl):

Vh:{UEH(Cuﬂ)ZU|T:QT—|—QTX£ VTGT} /

\

6 degrees of freedom: line integrals T
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Finite elements

Finite element subspace of H':
Wh:{’UEH1:U|T:aT—|—QT'£ VTET}
4 degrees of freedom: Nodal values

Nédélec finite element subspace of H(curl):

Vh:{UEH(Cuﬂ)ZU|T:QT—|—QTX£ VTGT} /

\

6 degrees of freedom: line integrals T

Raviart-Thomas finite element subspace of H(div):

W

Qn={ve H(div):vlr=ar+brx VT €T}

4 degrees of freedom: face integrals
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For HI N C:

For H(curl) N C:

For H(div) N C:

For L2:

Nodal commuting interpolation operators

IVw=">Y " wVi)e"
VeV

Vi
Vv = Z / T-vdsgpgg
Vi

Eﬁég

If;?q: Z / V-qugpg.k

I;?s: Z / sd:cgpfjkl

Tij:leT [ i?‘/?javk:a‘/l]

These operators commute.

Other commuting projection operators are Boffi's Fortin operators based on the solution of global

problems.
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Clément type quasi-interpolation operators for H'

Local averaging operators:

mw=Y" {/ fily(y) dy} ol

w .
V; i
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Clément type quasi-interpolation operators for H'

Local averaging operators:

mw=Y" {/ fily(y) dy} ol

w .
V; i

If f; are in La(w;), then II}V is bounded on Ly(9).

For proper choices of f;, the operator is consistent up to order p:

HXVw = I,‘{Vw for polynomials w up to order p.

The functions f; can be chosen to make HhW a projection on W,.
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New Clément type interpolation operators for H(curl)

= ) UY(v) o))

By €€
with functionals
Y2
Ui(v) : //fz Y1 fj(yQ)/T v ds dyady; .
wi Wy U1
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New Clément type interpolation operators for H(curl)

= ) UY(v) o))

By €€
with functionals
Y2
Ui(v) : //fz Y1 fj(yQ)/T v ds dyady; .
wi Wy U1

Lemma: Commutativity
If I1}V is consistent of order 0, then their holds:

VIV w = II) Vw
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To prove, we compare line integrals of VHhW and HXV:

[ v eds = (1 w)(v;) - (0 w)(v)
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To prove, we compare line integrals of VHhW and HXV:

[ v eds = (1 w)(v;) - (0 w)(v)

V.
/JT-HXdes — / DY WL(Vw)elsds = U (Vw)
Vi Vi Ey
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To prove, we compare line integrals of VHhW and HXV:

[ v eds = (1 w)(v;) - (0 w)(v)

V.
/JT-HXdes — / DY WL(Vw)elsds = U (Vw)

" Vi Ey i
B //fi(yl)fj(yQ)/T'VwCZS dyady
_ //fi(yl)fj(y2){w(y2) — w(y)} dysdy
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To prove, we compare line integrals of VHhW and HXV:

[ v eds = (1 w)(v;) - (0 w)(v)

V.
/JT-HXdes — / DY WL(Vw)elsds = U (Vw)

Vi v o
- //fi(yl)fj(y2) 727' - Vw ds dyodyq
— //fi(yl)fj(y2){w(y2) — w(y1)} dyadys

Wy Wy

= [ fwdn [ st v~ [ o) dn [ £ d

= (I, w)(V;) — (I w)(V5).
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Definition for H(div)

FiikeF
’ij: ///f% Y1 f] Y2 fk(y?)) / V- QdS dygdygdyl
Wi Wi Yk [Y1,Y2,y3]
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Definition for H(div)

FiikeF
’ij: ///f% Y1 f] Y2 fk(y?)) / V- QdS dygdygdyl
Wi Wi Yk [Y1,Y2,y3]

Definition for L

> Wiinls) ef(x)  with

Ty €T
U2 (s / / / / Jififeti / s dx dysdyzdy2dy:
Wy Wy WE Wi [y1,¥2;

Y3,Y4]

Lemma: Commuting diagram property:
curl IT) = H,? curl

div IT? = div I
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Stability estimates

Lemma: L, bounded. The operators H,VLV, H}?, 11V, and H}SL are bounded in Ly. More specific:

I wlor = flw 0.7
Iy vlor = v 0.7
Tallor = llallyz
I sllor = I8 0.7

with the patch T containing the convex hull of the involved w;.
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Stability estimates

Lemma: L, bounded. The operators H,VLV, H}?, 11V, and H}SL are bounded in Ly. More specific:

||Hth 0,7 = Jjw |0,T
Iy vlor = v 0.7
Tallor = llallyz
I sllor = I8 0.7

with the patch T containing the convex hull of the involved w;.

Corollary: The operators v, 1rv, Hg, and Hf are bounded in semi-norms:

||VHth or = ||V 0.7
[curllly v]jor =< | curlvl, 7
| div ng or = |divg| 0.7
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Stability estimates

Lemma: L, bounded. The operators II}", H}?, I1), and II7 are bounded in Ly

[aign
|1}, v
ITIYq

ITT; s

0,T

0,T

0,T

0,T

A TATA

PN

|O,T

Ullo, T

~

Ao, T

Sllo, T

with the patch T containing the convex hull of the involved w;.

Corollary: The operators v, 1rv, Hg, and Hf are bounded in semi-norms:

||VHth or = ||V 0.7
[curllly v]jor =< | curlvl, 7
| div ng or = |divg| 0.7
Proof: | curl HX’UHO’T = HH%L2 curlv|jor X || curlv||, 5

. More specific:
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Consistency

Lemma: Assume that IT;" is
e consistent of order 1. Then HX preserves local constants.

e consistent of order 2. Then H,? preserves local constants.

e consistent of order 3. Then H;f preserves local constants.
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Consistency

Lemma: Assume that IT;" is
e consistent of order 1. Then HX preserves local constants.

e consistent of order 2. Then H,? preserves local constants.

e consistent of order 3. Then H;f preserves local constants.

Proof: Let u be constant. Then
v Y2
Ww = [ [ ffw) [ roudsdyay
Wy Wj Y1

= / fity) £5(y1) (Y2 — y1) - w dy dyo

i v W

= fi(y1) dy fi(y2)(y2 - u)dys — | fi(y2) dy2 / fily1)(y1 - w) d

Wy Wy Wy Wy

Vi
l(Vj-u)—l(V;-u)zf T-uds
V;
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Approximation error estimates

Corollary: L, approximation. There holds:

Jw — Hth oor = hr w\lj forp >0
v — H;‘L/U or = hr|v LT forp>1
lg —Pqllor = hrlg 5 forp>2
Is =TEslor = hrls 7 forp=>3

Proof: Consistency and Ls-stability.

Joachim Schoberl Clément type interpolation operators Page 16



Approximation error estimates

Corollary: L, approximation. There holds:

w— 1Y w
h

v — H;‘L/v

lg — 0}’

s — Hgs

Proof: Consistency and Ls-stability.

Corollary: Approximation in semi-norm:

IV (w — 11 w)
| curl(v — I} v)

| div(g — TI%q)

0,T

0,T

0,T

0,7

0,7

0,7

0,7

A TA A

PN

A TA

A

w|, 7 forp=>0

V|, 7 forp>1

=~ forp>2

s|y7 forp>3

Vuwl, 7 forp=>1

curlv|, = forp>2

div q‘1,T forp > 3
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Approximation error estimates

Corollary: L, approximation. There holds:

|lw -1 wlor =X hrlwl,s forp>0
lv =y vlor = hrlv,7 forp>1
lg —T%llor = hrlg 7 forp>2
Is —Psllor = hrlsl, 7 forp>3
Proof: Consistency and Lo-stability.
Corollary: Approximation in semi-norm:
IV(w -1} w)|lor =< hr|Vw|, 7 forp>1
|curl(v — O} v)|lor =< hrlcurlv|, = forp>2
|div(g — I¢q)llor = hr|divg|, 7 forp>3
Application: Low regularity a priori estimates.
Joachim Schoberl Clément type interpolation operators Page 16



Residual-based a posteriori error estimates

Poisson problem: Find u e W: (Vu,Vv) = (f,v) VveW.

Lemma: Clément-type operator fulfills

h=Hv = Txollr + V(v = o) |7 < vl 4 5

Corollary: Upper bound for finite element error

A(up,v — Ipv) — (f,v — [xv)

lu —unlla = sup
veEW vl
= sup 2o Jp(=Aun — [)(v =) de + 3 p [5[0nun](v —TTxv) ds
veW ||’U||A

IA

(S n2au, + 113+ 3 heloauniz)
T )

o (S Ao = Wolf} + T hig' o~ o))
e folla
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Can one do the same for H(curl) and H(div) problems ?

Yes. Beck-Hiptmair-Hoppe-Wohlmuth:

A(u,v) = /Juvdx+/ucurlu curl v dx f(v) :/jvdaz

Residual error estimator:

W= np+ Y g
T F

hpo™ o div up =I5 +

hak"|ouy + curl v curl uy, — j 87T

hro ™| [oup, - n]||(2)F + hov Y[y curl uy, x n]

0.5
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Can one do the same for H(curl) and H(div) problems ?

Yes. Beck-Hiptmair-Hoppe-Wohlmuth:

A(u,v) = /Juvdx+/ucurlu curl v dx f(v) :/jvdaz

Residual error estimator:

W= np+ Y g
T F

ny = hpo o div un =l +
hak"|ouy + curl v curl uy, — j 87T
np = hro lloun - n]ll§ p + kv [ curluy, x 1]l g

lower bounds as usual

the upper bound was based on an unproven assumption on the regularity of the Helmholtz decomposition.
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Can one do the same for H(curl) and H(div) problems ?

Yes. Beck-Hiptmair-Hoppe-Wohlmuth:

A(u,v) = /Juvdx+/ucurlu curl v dx f(v) :/jvdaz

Residual error estimator:

W= np+ Y g
T F

ny = hpo o div un =l +
hak"|ouy + curl v curl uy, — j 87T
np = hro lloun - n]ll§ p + kv [ curluy, x 1]l g

lower bounds as usual

the upper bound was based on an unproven assumption on the regularity of the Helmholtz decomposition.

The presented operators complete the analysis |
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The a posteriori estimates

Theorem: Let u € H(curl). Then there exists ¢ and 7 such that
u—Ilpu=Veo+r

and

lllo.g

I~ el
|h =]

PN

0,2 + |Vl

PN

0.0+ || curl 7||o.0 | curl ul|o.q
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The a posteriori estimates

Theorem: Let u € H(curl). Then there exists ¢ and 7 such that
u—Ilpu=Veo+r

and

lllo.g

I~ el
|h =]

PN

0,2 + |Vl

PN

0.0+ || curl 7||o.0 | curl ul|o.q

Proof: Decompose u = Vw + r such that |Vw|| < [|u|| and ||Vz|| < || curl u]

, and use commutativity

7

u—pu =V (I —Ip)w+ (I —1)z

© r
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The a posteriori estimates

Theorem: Let u € H(curl). Then there exists ¢ and 7 such that
u—Ilpu=Veo+r

and

lllo.g

I~ el
|h =]

PN

0,2 + |Vl

PN

0.0+ || curl 7||o.0 | curl ul|o.q

Proof: Decompose u = Vw + r such that |Vw|| < [|u|| and ||Vz|| < || curl u]

, and use commutativity

7

u—pu =V (I —Ip)w+ (I —1)z
@ bs
Too simple to be good:
e The global estimates cannot handle varying coefficients

e The constants depend on the global shape of the domain
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A posteriori estimates, improved

Theorem: Let u € H(curl). Then there exists ¢ and r such that
u—Ipu=Veo+r
and

Ih~te

o.7 + ||V

DN

0.7 lully 7

1A~ rllor + || curl 7]o,r = | curl ullg -

The constants depend only on the shape of the elements.
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A posteriori estimates, improved

Theorem: Let u € H(curl). Then there exists ¢ and r such that
u—Ipu=Veo+r
and

Ih~te

DN

o.7 + ||V

0.7 lully 7

1A~ rllor + || curl 7]o,r = | curl ullg -

The constants depend only on the shape of the elements.

Idea of proof: Decompose

~

uw = Vwr + 27 onT
Then
(v — Mpu)|r =V (I —p)wp + (I — )zt on T
T 7
The ¢ and r7 can be merged to global ¢ and r.
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Some more remarks on the de Rham diagram

7 Y H(ewl) 2 gdiv) &% 12
lHW lHV ln@ lHS
Wh, -, Vi, cur) Qn 4w, Sh
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Some more remarks on the de Rham diagram

1 S H' Y% H(ewl) &5 H(div) &% L2

lnl lHWf lHV ln@ lHS
1, — W, -, Vi, cur) Qn 4w, Sh
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Application: Goal driven EE

Magnetic field problem (Eddy current):
Find ueV: A(u,v) = f(v) VveV

We are interested in a quantity b(u), e.g., the closed loop voltage

b(u):/aST-UdS
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Application: Goal driven EE

Magnetic field problem (Eddy current):
Find ueV: A(u,v) = f(v) VveV

We are interested in a quantity b(u), e.g., the closed loop voltage

b(u):/aST-UdS

Goal driven concept is to compute the dual solution w € V such that
A(w,v) = b(v) VvelV,
and, rewrite/estimate

b(u —up) = Alw,u—up) =Alw — wp,u — up)
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Application: Goal driven EE

Magnetic field problem (Eddy current):
Find ueV: A(u,v) = f(v) VveV

We are interested in a quantity b(u), e.g., the closed loop voltage

b(u):/aST-UdS

Goal driven concept is to compute the dual solution w € V such that
A(w,v) = b(v) VvelV,
and, rewrite/estimate

b(u —up) = Alw,u—up) =Alw — wp,u — up)

~ Y nr(wn)nr(us)
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