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Equations of Magnetostatics

Given:

j .. current density s.t. div j = 0

Compute:

B .. magnetic flux density
H .. magnetic field intensity

such that
B = µH div B = 0 curl H = j

with the boundary conditions
either B · n = 0 or H × n = 0
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Coil on a high permeable core
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Vector potential formulation

Since div B = 0 (plus compatibility conditions), there exists a vector potential A such that

B = curl A

Combining the equations above gives us

curl µ−1 curlA = j

with boundary conditions

either A× n = 0 or (µ−1 curl A)× n = 0
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Vector potential formulation

Since div B = 0 (plus compatibility conditions), there exists a vector potential A such that

B = curl A

Combining the equations above gives us

curl µ−1 curlA = j

with boundary conditions

either A× n = 0 or (µ−1 curl A)× n = 0

The weak formulation is to find A ∈ V := HD(curl) such that∫
µ−1 curl A curl v dx =

∫
jv dx ∀ v ∈ V.

Joachim Schöberl Maxwell equations and finite elements Page 4



Vector potential formulation

Since div B = 0 (plus compatibility conditions), there exists a vector potential A such that

B = curl A

Combining the equations above gives us

curl µ−1 curlA = j

with boundary conditions

either A× n = 0 or (µ−1 curl A)× n = 0

The weak formulation is to find A ∈ V := HD(curl) such that∫
µ−1 curl A curl v dx =

∫
jv dx ∀ v ∈ V.

Problem: A is defined up to a ∇ϕ !
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Gauging possibilities

1. Do not gauge, work on factor space H(curl)/∇H1.

Fine, if error estimates etc. only depend on curlA
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Gauging possibilities

1. Do not gauge, work on factor space H(curl)/∇H1.

Fine, if error estimates etc. only depend on curlA

2. Gauging by regularization. Add small L2-term:∫
µ−1 curl A curl v dx+ ε

∫
Av dx =

∫
jv dx ∀ v ∈ V.

Fine, if error estimates etc. do not depend on ε.
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Gauging possibilities

1. Do not gauge, work on factor space H(curl)/∇H1.

Fine, if error estimates etc. only depend on curlA

2. Gauging by regularization. Add small L2-term:∫
µ−1 curl A curl v dx+ ε

∫
Av dx =

∫
jv dx ∀ v ∈ V.

Fine, if error estimates etc. do not depend on ε.

3. Gauging by explicit constraints, i.e., solve the mixed problem:∫
µ−1 curlA curl v dx +

∫
v∇ϕdx =

∫
jv dx ∀ v ∈ H(curl)∫

A∇ψ dx = 0 ∀ψ ∈ H1

Space for Lagrange parameter is H1.
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The de Rham complex

H1 ∇−→ H(curl) curl−→ H(div) div−→ L2

∪ ∪ ∪ ∪

Wh
∇−→ Vh

curl−→ Qh
div−→ Sh
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The de Rham complex

H1 ∇−→ H(curl) curl−→ H(div) div−→ L2

∪ ∪ ∪ ∪

Wh
∇−→ Vh

curl−→ Qh
div−→ Sh

• basic properties: Bossavit

• a-priori estimates: Monk, Vardapetyan-Demkowicz, Nicaise

• Eigenvalue problems: Kikuchi, Boffi, Demkowicz-Monk-Schwab-Vardapetyan

• Multigrid and domain decomposition: Arnold-Falk-Winther, Hiptmair, Toselli

• A posteriori error estimates: Beck-Hiptmair-Hoppe-Wohlmuth
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The de Rham complex

H1 ∇−→ H(curl) curl−→ H(div) div−→ L2yΠW

yΠV

yΠQ

yΠS

Wh
∇−→ Vh

curl−→ Qh
div−→ Sh
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The de Rham complex

H1 ∇−→ H(curl) curl−→ H(div) div−→ L2yΠW

yΠV

yΠQ

yΠS

Wh
∇−→ Vh

curl−→ Qh
div−→ Sh

The quasi-interpolation operators shall fulfill the commuting diagram properties

∇ΠW
h = ΠV

h∇ curlΠV
h = ΠQ

h curl div ΠQ
h = ΠS

h div
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Some Definitions

Ω .. polygonal Lipschitz domain in R3

Spaces:

W := H1(Ω) = {w ∈ L2 : ∇w ∈ [L2]3}
V := H(curl,Ω) = {v ∈ [L2]3 : curl v ∈ [L2]3}
Q := H(div,Ω) = {q ∈ [L2]3 : div q ∈ L2}

S := L2(Ω)

Tetrahedral mesh with

set of vertices V = {Vi},
set of edges E = {Eij},
set of faces F = {Fijk},

set of tetrahedra T = {Tijkl}.
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Finite elements

Finite element subspace of H1:

Wh = {v ∈ H1 : v|T = aT + bT · x ∀ T ∈ T }

4 degrees of freedom: Nodal values
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Finite elements

Finite element subspace of H1:

Wh = {v ∈ H1 : v|T = aT + bT · x ∀ T ∈ T }

4 degrees of freedom: Nodal values

Nédélec finite element subspace of H(curl):

Vh = {v ∈ H(curl) : v|T = aT + bT × x ∀ T ∈ T }

6 degrees of freedom: line integrals
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Finite elements

Finite element subspace of H1:

Wh = {v ∈ H1 : v|T = aT + bT · x ∀ T ∈ T }

4 degrees of freedom: Nodal values

Nédélec finite element subspace of H(curl):

Vh = {v ∈ H(curl) : v|T = aT + bT × x ∀ T ∈ T }

6 degrees of freedom: line integrals

Raviart-Thomas finite element subspace of H(div):

Qh = {v ∈ H(div) : v|T = aT + bTx ∀ T ∈ T }

4 degrees of freedom: face integrals
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Nodal commuting interpolation operators

For H1 ∩ C:
IW
h w =

∑
Vi∈V

w(Vi)ϕW
i

For H(curl) ∩ C:

IV
h v =

∑
Eij∈E

∫ Vj

Vi

τ · v ds ϕV
ij

For H(div) ∩ C:

IQ
h q =

∑
Fijk∈F

∫
[Vi,Vj,Vk]

ν · q ds ϕQ
ijk

For L2:

IS
h s =

∑
Tijkl∈T

∫
[Vi,Vj,Vk,Vl]

s dx ϕS
ijkl

These operators commute.

Other commuting projection operators are Boffi’s Fortin operators based on the solution of global
problems.
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Clément type quasi-interpolation operators for H1

Local averaging operators:

ΠW
h w =

∑
Vi

{∫
ωi

fi(y)w(y) dy
}
ϕW

i

� � �
� � �
� � �
� � �
� � �

� � �
� � �
� � �
� � �
� � �
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Clément type quasi-interpolation operators for H1

Local averaging operators:

ΠW
h w =

∑
Vi

{∫
ωi

fi(y)w(y) dy
}
ϕW

i

� � �
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If fi are in L2(ωi), then ΠW
h is bounded on L2(Ω).

For proper choices of fi, the operator is consistent up to order p:

ΠW
h w = IW

h w for polynomials w up to order p.

The functions fi can be chosen to make ΠW
h a projection on Wh.

Joachim Schöberl Clément type interpolation operators Page 10



New Clément type interpolation operators for H(curl)

ΠV
h v :=

∑
Eij∈E

ΨV
ij(v) ϕ

V
ij(x)

with functionals

ΨV
ij(v) :=

∫
ωi

∫
ωj

fi(y1)fj(y2)

y2∫
y1

τ · v ds dy2dy1.

� � �
� � �
� � �
� � �
� � �

� � �
� � �
� � �
� � �
� � �

� � �
� � �
� � �
� � �
� � �

� � �
� � �
� � �
� � �
� � �
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New Clément type interpolation operators for H(curl)

ΠV
h v :=

∑
Eij∈E

ΨV
ij(v) ϕ

V
ij(x)

with functionals

ΨV
ij(v) :=

∫
ωi

∫
ωj

fi(y1)fj(y2)

y2∫
y1

τ · v ds dy2dy1.

� � �
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Lemma: Commutativity
If ΠW

h is consistent of order 0, then their holds:

∇ΠW
h w = ΠV

h∇w

Joachim Schöberl Clément type interpolation operators Page 11



To prove, we compare line integrals of ∇ΠW
h and ΠV

h∇:

∫ Vj

Vi

τ · ∇ΠW
h w ds = (ΠW

h w)(Vj)− (ΠW
h w)(Vi)
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To prove, we compare line integrals of ∇ΠW
h and ΠV

h∇:

∫ Vj

Vi

τ · ∇ΠW
h w ds = (ΠW

h w)(Vj)− (ΠW
h w)(Vi)

∫ Vj

Vi

τ ·ΠV
h∇w ds =

∫ Vj

Vi

τ ·
∑
Ei′j′

ΨV
i′j′(∇w)ϕV

i′j′ ds = ΨV
ij(∇w)
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To prove, we compare line integrals of ∇ΠW
h and ΠV

h∇:

∫ Vj

Vi

τ · ∇ΠW
h w ds = (ΠW

h w)(Vj)− (ΠW
h w)(Vi)

∫ Vj

Vi

τ ·ΠV
h∇w ds =

∫ Vj

Vi

τ ·
∑
Ei′j′

ΨV
i′j′(∇w)ϕV

i′j′ ds = ΨV
ij(∇w)

=
∫
ωi

∫
ωj

fi(y1)fj(y2)

y2∫
y1

τ · ∇w ds dy2dy1

=
∫
ωi

∫
ωj

fi(y1)fj(y2){w(y2)− w(y1)} dy2dy1
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To prove, we compare line integrals of ∇ΠW
h and ΠV

h∇:

∫ Vj

Vi

τ · ∇ΠW
h w ds = (ΠW

h w)(Vj)− (ΠW
h w)(Vi)

∫ Vj

Vi

τ ·ΠV
h∇w ds =

∫ Vj

Vi

τ ·
∑
Ei′j′

ΨV
i′j′(∇w)ϕV

i′j′ ds = ΨV
ij(∇w)

=
∫
ωi

∫
ωj

fi(y1)fj(y2)

y2∫
y1

τ · ∇w ds dy2dy1

=
∫
ωi

∫
ωj

fi(y1)fj(y2){w(y2)− w(y1)} dy2dy1

=
∫
ωi

fi(y1) dy1
∫
ωj

fj(y2)w(y2) dy2 −
∫
ωi

fi(y1)w(y1) dy1
∫
ωj

fj(y2) dy2

= (ΠW
h w)(Vj)− (ΠW

h w)(Vi).
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Definition for H(div)

(ΠQ
h q)(x) :=

∑
Fijk∈F

ΨQ
ijk(q) ϕ

Q
ijk(x) with

ΨQ
ijk(q) =

∫
ωi

∫
ωj

∫
ωk

fi(y1)fj(y2)fk(y3)
∫

[y1,y2,y3]

ν · q ds dy3dy2dy1
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Definition for H(div)

(ΠQ
h q)(x) :=

∑
Fijk∈F

ΨQ
ijk(q) ϕ

Q
ijk(x) with

ΨQ
ijk(q) =

∫
ωi

∫
ωj

∫
ωk

fi(y1)fj(y2)fk(y3)
∫

[y1,y2,y3]

ν · q ds dy3dy2dy1

Definition for L2

(ΠS
hs)(x) =

∑
Tijkl∈T

Ψijkl(s) ϕS
ijkl(x) with

ΨS
ijkl(s) =

∫
ωi

∫
ωj

∫
ωk

∫
ωl

fifjfkfl

∫
[y1,y2,
y3,y4]

s dx dy4dy3dy2dy1

Lemma: Commuting diagram property:

curlΠV
h = ΠQ

h curl

div ΠQ
h = div ΠS

h
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Stability estimates

Lemma: L2 bounded. The operators ΠW
h , ΠQ

h , ΠV
h , and ΠS

h are bounded in L2. More specific:

‖ΠW
h w‖0,T � ‖w‖0,T̃

‖ΠV
h v‖0,T � ‖v‖0,T̃

‖ΠQ
h q‖0,T � ‖q‖0,T̃

‖ΠS
hs‖0,T � ‖s‖0,T̃

with the patch T̃ containing the convex hull of the involved ωi.
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Stability estimates

Lemma: L2 bounded. The operators ΠW
h , ΠQ

h , ΠV
h , and ΠS

h are bounded in L2. More specific:

‖ΠW
h w‖0,T � ‖w‖0,T̃

‖ΠV
h v‖0,T � ‖v‖0,T̃

‖ΠQ
h q‖0,T � ‖q‖0,T̃

‖ΠS
hs‖0,T � ‖s‖0,T̃

with the patch T̃ containing the convex hull of the involved ωi.

Corollary: The operators ΠW
h , ΠV

h , ΠQ
h , and ΠS

h are bounded in semi-norms:

‖∇ΠW
h w‖0,T � ‖∇w‖0,T̃

‖ curlΠV
h v‖0,T � ‖ curl v‖0,T̃

‖div ΠQ
h q‖0,T � ‖div q‖0,T̃
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Stability estimates

Lemma: L2 bounded. The operators ΠW
h , ΠQ

h , ΠV
h , and ΠS

h are bounded in L2. More specific:

‖ΠW
h w‖0,T � ‖w‖0,T̃

‖ΠV
h v‖0,T � ‖v‖0,T̃

‖ΠQ
h q‖0,T � ‖q‖0,T̃

‖ΠS
hs‖0,T � ‖s‖0,T̃

with the patch T̃ containing the convex hull of the involved ωi.

Corollary: The operators ΠW
h , ΠV

h , ΠQ
h , and ΠS

h are bounded in semi-norms:

‖∇ΠW
h w‖0,T � ‖∇w‖0,T̃

‖ curlΠV
h v‖0,T � ‖ curl v‖0,T̃

‖div ΠQ
h q‖0,T � ‖div q‖0,T̃

Proof: ‖ curlΠV
h v‖0,T = ‖ΠQ

h curl v‖0,T � ‖ curl v‖0,T̃
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Consistency

Lemma: Assume that ΠW
h is

• consistent of order 1. Then ΠV
h preserves local constants.

• consistent of order 2. Then ΠQ
h preserves local constants.

• consistent of order 3. Then ΠS
h preserves local constants.

Joachim Schöberl Clément type interpolation operators Page 15



Consistency

Lemma: Assume that ΠW
h is

• consistent of order 1. Then ΠV
h preserves local constants.

• consistent of order 2. Then ΠQ
h preserves local constants.

• consistent of order 3. Then ΠS
h preserves local constants.

Proof: Let u be constant. Then

ΨV
ij(u) =

∫
ωi

∫
ωj

fi(y1)fj(y2)
∫ y2

y1

τ · u ds dy1 dy2

=
∫

ωi

∫
ωj

fi(y1)fj(y1) (y2 − y1) · u dy1 dy2

=
∫

ωi

fi(y1) dy1
∫

ωj

fj(y2)(y2 · u) dy2 −
∫

ωj

fj(y2) dy2
∫

ωi

fi(y1)(y1 · u) dy1

= 1 (Vj · u)− 1 (Vi · u) =
∫ Vj

Vi

τ · u ds
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Approximation error estimates

Corollary: L2 approximation. There holds:

‖w −ΠW
h w‖0,T � hT |w|1,T̃ for p ≥ 0

‖v −ΠV
h v‖0,T � hT |v|1,T̃ for p ≥ 1

‖q −ΠQ
h q‖0,T � hT |q|1,T̃ for p ≥ 2

‖s−ΠS
hs‖0,T � hT |s|1,T̃ for p ≥ 3

Proof: Consistency and L2-stability.
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Approximation error estimates

Corollary: L2 approximation. There holds:

‖w −ΠW
h w‖0,T � hT |w|1,T̃ for p ≥ 0

‖v −ΠV
h v‖0,T � hT |v|1,T̃ for p ≥ 1

‖q −ΠQ
h q‖0,T � hT |q|1,T̃ for p ≥ 2

‖s−ΠS
hs‖0,T � hT |s|1,T̃ for p ≥ 3

Proof: Consistency and L2-stability.

Corollary: Approximation in semi-norm:

‖∇(w −ΠW
h w)‖0,T � hT |∇w|1,T̃ for p ≥ 1

‖ curl(v −ΠV
h v)‖0,T � hT | curl v|1,T̃ for p ≥ 2

‖div(q −ΠQ
h q)‖0,T � hT |div q|1,T̃ for p ≥ 3
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Approximation error estimates

Corollary: L2 approximation. There holds:

‖w −ΠW
h w‖0,T � hT |w|1,T̃ for p ≥ 0

‖v −ΠV
h v‖0,T � hT |v|1,T̃ for p ≥ 1

‖q −ΠQ
h q‖0,T � hT |q|1,T̃ for p ≥ 2

‖s−ΠS
hs‖0,T � hT |s|1,T̃ for p ≥ 3

Proof: Consistency and L2-stability.

Corollary: Approximation in semi-norm:

‖∇(w −ΠW
h w)‖0,T � hT |∇w|1,T̃ for p ≥ 1

‖ curl(v −ΠV
h v)‖0,T � hT | curl v|1,T̃ for p ≥ 2

‖div(q −ΠQ
h q)‖0,T � hT |div q|1,T̃ for p ≥ 3

Application: Low regularity a priori estimates.
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Residual-based a posteriori error estimates

Poisson problem: Find u ∈W : (∇u,∇v) = (f, v) ∀ v ∈W .

Lemma: Clément-type operator fulfills

h−1‖v −Πhv‖T + ‖∇(v −Πhv)‖T � ‖v‖A,T̃

Corollary: Upper bound for finite element error

‖u− uh‖A = sup
v∈W

A(uh, v −Πhv)− (f, v −Πhv)
‖v‖A

= sup
v∈W

∑
T

∫
T
(−∆uh − f)(v −Πhv) dx +

∑
E

∫
E
[∂nuh](v −Πhv) ds

‖v‖A

≤
( ∑

T

h2
T‖∆uh + f‖2

T +
∑
E

hE‖[∂nuh]‖2
E

)1/2

sup
v∈W

(
∑

T h
−2
T ‖v −Πhv‖2

T +
∑

E h
−1
E ‖v −Πhv‖2

E)1/2

‖v‖A
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Can one do the same for H(curl) and H(div) problems ?

Yes. Beck-Hiptmair-Hoppe-Wohlmuth:

A(u, v) =
∫
σuv dx+

∫
ν curl u curl v dx f(v) =

∫
jv dx

Residual error estimator:
η2 :=

∑
T

η2
T +

∑
F

η2
F

η2
T = h2

Tσ
−1‖σ div uh − j‖2

0,T +

h2
Tκ

−1‖σuh + curl ν curluh − j‖2
0,T

η2
F = hTσ

−1‖[σuh · n]‖2
0,F + hTν

−1‖[ν curluh × n]‖2
0,F
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Can one do the same for H(curl) and H(div) problems ?

Yes. Beck-Hiptmair-Hoppe-Wohlmuth:

A(u, v) =
∫
σuv dx+

∫
ν curl u curl v dx f(v) =

∫
jv dx

Residual error estimator:
η2 :=

∑
T

η2
T +

∑
F

η2
F

η2
T = h2

Tσ
−1‖σ div uh − j‖2

0,T +

h2
Tκ

−1‖σuh + curl ν curluh − j‖2
0,T

η2
F = hTσ

−1‖[σuh · n]‖2
0,F + hTν

−1‖[ν curluh × n]‖2
0,F

lower bounds as usual

the upper bound was based on an unproven assumption on the regularity of the Helmholtz decomposition.
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Can one do the same for H(curl) and H(div) problems ?

Yes. Beck-Hiptmair-Hoppe-Wohlmuth:

A(u, v) =
∫
σuv dx+

∫
ν curl u curl v dx f(v) =

∫
jv dx

Residual error estimator:
η2 :=

∑
T

η2
T +

∑
F

η2
F

η2
T = h2

Tσ
−1‖σ div uh − j‖2

0,T +

h2
Tκ

−1‖σuh + curl ν curluh − j‖2
0,T

η2
F = hTσ

−1‖[σuh · n]‖2
0,F + hTν

−1‖[ν curluh × n]‖2
0,F

lower bounds as usual

the upper bound was based on an unproven assumption on the regularity of the Helmholtz decomposition.

The presented operators complete the analysis !
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The a posteriori estimates

Theorem: Let u ∈ H(curl). Then there exists ϕ and r such that

u−Πhu = ∇ϕ+ r

and

‖h−1ϕ‖0,Ω + ‖∇ϕ‖0,Ω � ‖u‖0,Ω

‖h−1r‖0,Ω + ‖ curl r‖0,Ω � ‖ curl u‖0,Ω
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The a posteriori estimates

Theorem: Let u ∈ H(curl). Then there exists ϕ and r such that

u−Πhu = ∇ϕ+ r

and

‖h−1ϕ‖0,Ω + ‖∇ϕ‖0,Ω � ‖u‖0,Ω

‖h−1r‖0,Ω + ‖ curl r‖0,Ω � ‖ curl u‖0,Ω

Proof: Decompose u = ∇w + r such that ‖∇w‖ � ‖u‖ and ‖∇z‖ � ‖ curl u‖, and use commutativity

u−Πhu = ∇ (I −Πh)w︸ ︷︷ ︸
ϕ

+(I −Πh)z︸ ︷︷ ︸
r
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The a posteriori estimates

Theorem: Let u ∈ H(curl). Then there exists ϕ and r such that

u−Πhu = ∇ϕ+ r

and

‖h−1ϕ‖0,Ω + ‖∇ϕ‖0,Ω � ‖u‖0,Ω

‖h−1r‖0,Ω + ‖ curl r‖0,Ω � ‖ curl u‖0,Ω

Proof: Decompose u = ∇w + r such that ‖∇w‖ � ‖u‖ and ‖∇z‖ � ‖ curl u‖, and use commutativity

u−Πhu = ∇ (I −Πh)w︸ ︷︷ ︸
ϕ

+(I −Πh)z︸ ︷︷ ︸
r

Too simple to be good:

• The global estimates cannot handle varying coefficients

• The constants depend on the global shape of the domain
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A posteriori estimates, improved

Theorem: Let u ∈ H(curl). Then there exists ϕ and r such that

u−Πhu = ∇ϕ+ r

and

‖h−1ϕ‖0,T + ‖∇ϕ‖0,T � ‖u‖0,T̃

‖h−1r‖0,T + ‖ curl r‖0,T � ‖ curl u‖0,T̃ .

The constants depend only on the shape of the elements.
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A posteriori estimates, improved

Theorem: Let u ∈ H(curl). Then there exists ϕ and r such that

u−Πhu = ∇ϕ+ r

and

‖h−1ϕ‖0,T + ‖∇ϕ‖0,T � ‖u‖0,T̃

‖h−1r‖0,T + ‖ curl r‖0,T � ‖ curl u‖0,T̃ .

The constants depend only on the shape of the elements.

Idea of proof: Decompose
u = ∇wT + zT on T̃

Then
(u−Πhu)|T = ∇ (I −Πh)wT︸ ︷︷ ︸

ϕT

+(I −Πh)zT︸ ︷︷ ︸
rT

on T

The ϕT and rT can be merged to global ϕ and r.
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Some more remarks on the de Rham diagram

H1 ∇−→ H(curl) curl−→ H(div) div−→ L2yΠW

yΠV

yΠQ

yΠS

Wh
∇−→ Vh

curl−→ Qh
div−→ Sh
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Some more remarks on the de Rham diagram

1 ⊂−→ H1 ∇−→ H(curl) curl−→ H(div) div−→ L2yΠ1

yΠW

yΠV

yΠQ

yΠS

1h
⊂−→ Wh

∇−→ Vh
curl−→ Qh

div−→ Sh
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Application: Goal driven EE

Magnetic field problem (Eddy current):

Find u ∈ V : A(u, v) = f(v) ∀ v ∈ V

We are interested in a quantity b(u), e.g., the closed loop voltage

b(u) =
∫

∂S

τ · u ds
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Application: Goal driven EE

Magnetic field problem (Eddy current):

Find u ∈ V : A(u, v) = f(v) ∀ v ∈ V

We are interested in a quantity b(u), e.g., the closed loop voltage

b(u) =
∫

∂S

τ · u ds

Goal driven concept is to compute the dual solution w ∈ V such that

A(w, v) = b(v) ∀ v ∈ V,

and, rewrite/estimate

b(u− uh) = A(w, u− uh) = A(w − wh, u− uh)
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Application: Goal driven EE

Magnetic field problem (Eddy current):

Find u ∈ V : A(u, v) = f(v) ∀ v ∈ V

We are interested in a quantity b(u), e.g., the closed loop voltage

b(u) =
∫

∂S

τ · u ds

Goal driven concept is to compute the dual solution w ∈ V such that

A(w, v) = b(v) ∀ v ∈ V,

and, rewrite/estimate

b(u− uh) = A(w, u− uh) = A(w − wh, u− uh)

'
∑
T

ηT (wh)ηT (uh)

Joachim Schöberl Application: Goal driven EE Page 22




