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Abstract.  This paper deals with the application of hybridized mixed meh-
ods for discretizing the Helmholtz problem. Starting from amixed formulation,
where the ux is considered a separate unknown, we use Ravi&Thomas nite
elements to approximate the solution. We present two ways ohybridizing the
problem, which means breaking the normal continuity of the uxes and then
imposing continuity weakly via functions supported on the dement faces or
edges. The rst method is the Ultra-Weak Variational Formul ation, rst in-
troduced by Cessenat and Despes [7]; the second one usesdrange multipliers
on element interfaces. We compare the two methods, and giveumerical re-
sults. We observe that the iterative solvers applied to the tvo methods behave
well for large wave numbers.

1. Introduction

If we wish to solve the Helmholtz equation with a large wave miber (see
(1) for the de nition of this parameter) using an h-version nite element scheme
in RY, d = 2; 3, the dimension of the linear system must grow faster tha®( )
to maintain accuracy because of pollution error (see [19]Jhus we have to solve
a large sparse and inde nite matrix problem. Standard iterve solution tech-
niques usually perform more poorly as increases (for example, using a standard
multigrid scheme, the coarsest grid has a mesh size of the erdd(1=)). Al-
though more exotic multigrid schemes have been applied [1#jey also require
more iterations at higher wave numbers. In this paper we wilinvestigate hy-
bridized Raviart-Thomas methods for the Helmholtz equatio with a view to
obtaining linear systems that can be solved more e ciently.In numerical experi-
ments, we observe that the appropriate iterative solver cemrges in a number of
iterations that is bounded independent of .

To formulate a model Helmholtz equation, let RY: d = 2;3 be a bounded
domain with boundary = @, which is assumed to be a Lipschitz polyhedron
(polygon in two dimensions) that can be covered by tetrahedt elements in three
dimensions (or triangles in two dimensions). By we denote the unit outward
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normal. We consider the following boundary value problem fahe scalar eld
u: I C

u+ %u =0 in
@) Ii%z u = Q %%ﬁ u +g on

We assume that the wave number is a real parameter. On the boundary,

2 L () is a real valued, uniformly bounded and strictly positive function, Q
is real valued and piecewise constant witfQj 1, andg 2 L2() is the given,
possibly complex valued, boundary data. Provide® 6 1 we may rewrite this
boundary condition as

Q@u i 1+Q y= ! g
@n 1 Q 1 Q
This shows that the second equation in (1) is a standard impadce boundary
condition as long asQ 6 1. For special choices of), we obtain Dirichlet, Neu-
mann and absorbing boundary conditions:

Q = 1: Dirichlet, u= g,

Q= 1: Neumann,t &= g=2,

Q =0: absorbing, 2 &% u = g.

The solution of problem (1) can be approximated using a mixechethod with
the standard Raviart-Thomas nite element space for the wes, and a discontin-
uous space for the scalar eld. The hybrid methods we shall @amine are modi-
cations of this scheme. By hybridization, we mean that we k&ak all continuity
assumptions on the uxes, and then reimpose them via new unéwns associ-
ated with facets or edges between elements. We derive two elient methods to
reenforce the required continuity. One method is motivatedy the Ultra Weak
Variational Formulation (UWVF) of the Helmholtz equation [7, 8, 11], but using
mixed nite element spaces. The second method is a more ditdgybridization
similar to those already developed for Laplace's equatio®,[5, 9]. For our second
method, we propose to use a preconditioned conjugate grawi¢CG) method to
solve the resulting complex-symmetric problem. We obsengood behavior of
the preconditioner with respect to the wave number and the pggynomial degree
of the nite element space.

Another reason for studying the UWVF hybridized Raviart-Thomas scheme
is that it can then be seamlessly coupled to a standard UWVF #t uses plane
wave ansatz functions element by element. This allows theeaisf standard nite
elements on small elements and plane waves on larger elemseantd is useful, for
example, when geometric mesh re nement towards singulages of the solution is
used. Large, plane-wave elements can be used away from thmgslarity, whereas
polynomial nite elements may be better suited in the viciniy of the singularity.
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Thereby, one can improve convergence around the singulgritvhile serious ill-
conditioning of the system matrix is avoided. We present soemumerical results
for a combined method later in the paper.

We should note that there are many other ways to use discontious basis
functions, and to hybridize the methods. An important paperon plane wave
based discontinuous Galerkin methods (of which the UWVF is apecial case,
but outside the theoretical analysis) can be found in [16]. @ipling of plane wave
and polynomial based methods is possible in the frameworktbgt paper. Other
methods that can couple plane wave and polynomial basis fuians include the
partition of unity nite element method [3, 23], and the disontinuous enrichment
approach [13, 14].

Throughout the following, for a complex quantityz 2 C, let z denote its
complex conjugate. For any Hilbert spacé, let h; iy denote its inner product
and k kyx be the corresponding norm. For a linear operatofF : X ! X, its
adjoint is denoted by F . For a domain A, let L2(A) be the complex Lebesgue

ace. It is equipped with the complex inner produchu; vi 2a) := (U;V)a =

, uvdx and the induced normkuk 2y = kuka. By H*(A) we denote the
standard, complex valued Sobolev space of weakly di ereable functions. Let
H™2(@A be its trace space. Moreover, we need the space of functiavith weak
divergence

H(div; A):= f 2 [L%(A)]%:div 2 L?A)g;
and for suitably smooth domains
Ho(div; A):= f 2 [L%(A)]Y : div 2L?%A); n=0on @A:

The remainder of this paper is organized as follows: In Semti 2, a mixed vari-
ational formulation of the Helmholtz problem is stated. Exstence and uniqueness
for the mixed system are veri ed, and a standard method usinRaviart-Thomas
nite elements is applied. We also describe the continuousWVF. In Section
3, the polynomial UWVF and the facet-based hybridization mi&od are intro-
duced, and are shown to be equivalent to the original RaviaitThomas method. A
comparison shows that the two methods are related by a changévariables. In
Section 4, iterative methods for the solution of the respeaegt systems of equations
are proposed. Finally, numerical tests are presented in $Siea 5.

2. Variational methods for the Helmholtz problem

In this section we shall recall two variational methods for gproximating the
solution of (1). First we outline a standard mixed approach sing Raviart-Thomas
elements. Then we recall the UWVF.

2.1. A mixed method based on Raviart-Thomas elements. We now recall
a standard mixed formulation of the Helmholtz equation suéble for discretiza-
tion by Raviart-Thomas elements. We want to nd the scalar dd u and the
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vector-valued ux eld v = iir u. We denote the Neumann trace, which is the
normal component of the ux vectorv, by v, ;== v non .

Since we are using a standard mixed method, the Neumann bowamg condi-
tions is a special case since it is essential and needs to béoeed on the trial
and test spaces. Therefore we assume thatl<Q 1 ruling out this case.

Then the boundary value problem for the Helmholtz equationl) can be writ-
ten in mixed form as

iu = divv in ;
(2) iv = ru in ;
Vi U = Q[ vho+ u]+g on

For the variational formulation of this problem we need the dllowing spaces
U=L%)and V= v2H(iv;) jvan2L3)
where the norm onV is given by
kvk§ = kr vkZaoy + KvkZay + kvpkfa
The weak solution (1;v) 2 U V satises
(iu; ) +(divv; ) =0 8 2 U;
(div ) +(iv; ) (Vo ne =(-mg9% ne 8 2V,

whereq= ;2.

Lemma 1. Suppose is a Lipschitz domain. Forg2 L?() andjQj < 1, there
exists a unique solution to the mixed variational problem }3If Q =1 a unique
solution exists provided is not a Dirichlet eigenvalue for the domain.

3)

Remark 2. The existence of a unique solution to the Helmholtz problem with
Robin-type boundary conditions is well established, seq.e[20] We provide
an alternative proof that shows the well-posedness of théuson of the mixed
problem directly.

Proof. We prove uniqueness of the solutionu %r u) by showing that the ho-
mogenous problem with right hand sidey = O delivers only the trivial solution.
Testing the rst equation with =div  for some 2 H(div; ), we obtain

(u;div ) = (iidivv;div ) -
Inserting this into the second line of (3), we get
4) (iidivv;div ) +(iv; ) (gvn; ne =0:
Testing for = v, and taking the real part, we immediately see that wherever

jQj < 1 we havev, =0on . If Q=1 we cannot conclude thatv, = 0.
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Now take =curl for some smooth scalar eld . This implies
(i v;eurl ) =0;
and Stokes' theorem yields
(curlv; ) +(v n; )g =0:
From this we obtain curlv =0 and v n =0, which means thatv is a gradient
of a function with vanishing trace. Thus we may write

1
v:i—rw:

For this w, equation (4) implies
0 = (divr w;div ) 2(r w; )
= (divrw+ 2w;div ) :

SupposejQj < 1, then because div H(div; ) ! L?() is surjective [15], we
obtain that w is a solution to the Helmholtz problem with vanishing Dirichet
and Neumann tracesw = %%‘rﬁf 0. This implies w = 0 and thereby uniqueness.
If Q =1 we know that w satis es the Helmholtz equation with vanishing Dirichlet
data. Thus provided is not an eigenvalue, we again verify uniqueness.

We now prove existence. Selecting = div in the rst equation of (3) and

using the resulting identity in the second equation shows #t v 2 V satis es

G) dvvidv ) 2v: ) i (e w)e =( 8 2V

[

For the rest of the proof we shall assume for concreteness théh = 3. Then
choosing = curl g for someq 2 Hq(div; ) \ H{(curl; ) shows that ( v;curlq) =
0, so that curlv =0 as we might expect. Thus we de ne

VO = H(div; ) \ H(curle;)

whereH (curlg; ) = fv 2 H(curl; ) j curlv =0g. Then we can pose (5) with
VO in place of V. The advantage is now that by Theorem 3.47 of [21], the
imbedding ofV© into [L?()] ®is compact. Hence problem (5) withV © in place
of V gives rise to an operator equation involving a compact pentbation of the
identity. In this case, the Fredholm alternative shows thathe previously proved
uniqueness implies the existence of a solution to (5) and hento the full mixed
system.

To discretize the problem, we need to de ne suitable discretspaces/, V,
Un U. In this paper these are constructed using standard Raviaithomas
nite elements. Therefore, we use a conforming and regulanite element mesh
Th = T, 1] 2 Jng cogsisting of tetrahedra in case of R® or triangles for

R? suchthat = ~,; T;. Here the mesh sizé is the maximum diameter
of all mesh elements. LeF, = fF; = @N @Jg[f Fj = @\ gdenote the set

of element interfaces or facets. Thef corresponds to the set of edges in two
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dimensions or faces in three dimensions. Laf denote the unit outward normal
of an elementT; .

We need to assume that the mesh is chosen so th@tis constant on each
boundary face of the mesh (it can vary from face to face).

On an elementT; we de ne

(6) Ui = PP(T))

to consist of piecewise polynomial functions of maximum dexe p. Then the
global nite element spaceU,, U is given by

Up= Un2L%) jUnjt, 2 Uy forj 2 Jy

so that no inter-element continuity is assumed. For the veor variables we de ne
the local space

(7) Vi = RTp(T;)

where the Raviart-Thomas spaceRT,, was introduced in [24, 22]. It consists
of piecewise polynomial, vector-valued nite elements ofegdjreep + 1, for which
the normal component is of degre@ on each face (or along each edge in two
dimensions). Then the global spac®, V is de ned by

Vh= Vi2 H(dIV, ) thjTj 2 Vh;j forj 2 Jy

Note that functions in the global Raviart-Thomas spacé/,, have normal compo-
nents that are continuous across element interfaces. Thegiees of freedom of a
function vy, 2 V;, are of two types. For example, in three dimensions, one typg i
associated wich face$ of a tetrahedronT:

vVppds; 8p 2 PP(F) and for all facesF of T;
F

and other type is associated with the interior ofT :
Z
v qdx 8q2[PP {T)*
T

Similarly, in two dimensions, degrees of freedom can be asisped with edges or
triangles. We shall use the fact that basis functions assated with the interior of
the element (forp 1) have vanishing normal component on all faces. Similarly
basis functions associated with a given face (or edge in twanrgnsions) have
vanishing normal component on all other faces (resp. edges)

The next theorem shows that foh small enough, we have existence and unique-
ness of a solution to the discrete problem (8 - 9).

Lemma 3. Suppose eithejQj < 1 or Q=1 and is not a Dirichlet eigenvalue
for the domain. Then provided that the mesh sizeis small enough, the discrete
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Raviart-Thomas problem of nding(un;vyp) 2 Uy, such that

(8) (tu n; n) +(div vy; 1) 0
©  (nidv w) *( Ve 0 (Want wde = (

1 .
WQL hn)@

forall ( n; n) 2 Uy, VW, has a unique solution. Moreover, foh! 0 the nite
element solution converges to the solution of the Helmhodiguation.

Proof. For a Dirichlet boundary condition, this theorem follows fom the uniform
spectral convergence results for Raviart-Thomas elemernits [4]. Their analysis
does not handle the case whejQj < 1 because of the impedance boundary
condition. To prove this case we rst notice that the RaviartThomas spaces are
a stable pair of spaces for the problem when = i since the appropriate inf-
sup and coercivity results are known (see for example [5])y®erifying discrete
compactness for these spaces and boundary conditions aldhg lines of the
proof of similar results for edge elements (see [21]) we cdren apply the theory
of collectively compact operators to derive the result.

2.2. The Ultra-Weak Variational Formulation. We now recall a second,
rather di erent, variational method called the UWVF of the Helmholtz equation
[7]. In this method we consider a piecewise de ned functiom on T;, j 2 Jj
which satis es the Helmholtz equation locally on each eleme

u+ 2u=0in T;:

Then, to have a solution of the global problem, we need to emé@ continuity of
u and %%ﬁ across element interfaces. Using impedance traces, we iegjon each
faceF; (or edge) between element$; and T;:

(10) i@ﬂ Ui = i@l+ uj ;
I @n @T I @n @T
(11) iew - 1o
I @n @7 I @n @7
Here we have extended from L! () to L?* (Fy) by unity (or in fact by a
positive bounded function). The boundary condition orF; reads
1oy _o @y .
i @n uj; = i_@nJr u; +g onky:

We introduce the spaceX of impedance traces on element interfaces

X = 23, X5 X = LAH@7):
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For a general vector functionX 2 X, the jth component, wherej 2 J,,, of X is
denoted byX; 2 X;. We de ne the inner product onX
X
hX;Yiyx := hX; Yjix;;
7
. 1, —
hX;Yjix, = —X;Y; ds:
@7
When performing integration only on the boundary , we writeh; ix. for
X 1
hX;Yix. = —-X;Yj ds:
j23, @n

Note that any X 2 X has two valuesX;; X; on each facetF; = @T\ @Tf,
corresponding to the two adjacent elements, and one valig on each boundary
facet F;

On this space, we de ne two operators. The rst, : X ! X, interchanges
the two values of X on internal facetsF; . On boundary facetsF;, it helps to
take care of the boundary condition:

(i X)iry XijF; for F; 2 Fy, internal;
(i X)iF QXjjr, forFj 2FnF

The second operatorF : X | X, maps incoming to outgoing impedance traces.
It is de ned element by element. ForT; 2 Ty, the jth componentF; X; depends
only on X;. We can compute it using an auxiliary functionw; 2 H*(T;), that
satis es the adjoint Helmholtz equation, for which the inconing impedance trace
is given by X;:

wi+ 2wy = 0 inTj;

(12) lay, _ .
———+ W; = X; on@f:

I @)n J J J

Then we de ne F; X; to be the outgoing trace
1 @w

FiXj = ———+ w; on@T:

IR i @)n J J

To rewrite the continuity conditions on the impedance uxeg10), (11), letX 2 X
be the function consisting of impedance traces of the solati u,

1
Xj = —@ + Uj .
i @n a7
Then we have for an element;
1
Fj Xj = —@ + Uj

i @n @1
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On internal facetsF; and boundary facetsF;, evaluates to

. 1 @u . 1
iX)r = ——=—* Uj ; i X)) = ———* Uj ;
( ] )JFU i @n | Fij ( ] )JFJ Q | @n ] Fj
Therefore we can rewrite the continuity conditions (10), (1) and the impedance
boundary condition in a single equation

FX X+g=0;

whereg-2 X is the extension by zero of to the faces of the mesh away from the
boundary.
The following fundamental properties of and F were shown in [6, 7].

Lemma 4. (Cessenat and Despes) Let: X ! X, F :X ! X be dened as
above. There holds

If JQ] 1, then k kx! X 1.

If 2 R,thenF is an isometry,F F = id.

Operating by F , we obtain the ultra-weak variational formulation (UWVF)
of the Helmholtz equation

X F X= Fe
The corresponding Galerkin formulation is to seek 2 X such that
hX;Yix h X;FYix = hegFYix 8Y2X:
Cessenat and Despes [7] show that this problem has a unigselution forjQj < 1.

3. Hybridization techniques

In this section, we present two ways of hybridizing the Ravi&s Thomas method.
First, we consider a method based on a nite element implemttion of the
UWVF, where the unknowns correspond to in- and outgoing uxe v, + U
[7]. Then we derive a method where we regain normal contingyiof the ux eld
by means of Lagrange multipliers and use consistent penaltgrms to improve
stability. The new unknowns resemble the scalar eldi and the normal ux v,
on element interfaces. We observe that the two formulationare equivalent to
the original Raviart-Thomas method, and that the UWVF is a sgcial case of
the Lagrange multiplier based method.

3.1. The discrete nite element UWVF. To discretize the UWVF Cessenat
and Despes use plane waves on each element, and we shaltdbs this method
brie y in Section 4.3. In this section we investigate insted a new method based
on mixed nite elements. We rst construct a nite element subspaceX;, X.
We chooseX, = 23, Xhj, Where Xy, is the space of piecewise polynomials of
degreep on the facets of element;:

Xnj =f 12 L3@T7)j njr 2 PP(F); for each face (edgef of T, g:
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Note that equivalently
Xnj =f 12 L3(@7) ] nh = Vhn for somevy, 2 RT,(T;)g:

Next we replaceF by a nite element approximation Fy, using mixed nite ele-
ments. The computation ofF;, can be done locally on each element, and th¢h
component ofF, Y, depends only onYy; .

We de ne the discrete operatorF, : X ! X component-wise using the local
spaces de ned in Section 2.1. Fo¥; 2 Xj, let (Unj;Vhj) 2 Un; Vhj be such
that for all hij 2 Uh;j; hij 2 Vh;j

(13) (iU njs ng)r +(div vi; w)r, = 0,
(Unjsdiv n)r (0 Vigs ng)T
l . 1 . .
(14) (=Vhin;i ninder = (=Yii hin))er:

Then we de ne
Frj Yj = Yj +2Vhn
Note that, since normal traces oRT, functions are in the space’” on each face
used to constructXy; we haveF, : Xp ! Xp. This holds even ifp varies from
element to element.
The nite element discrete UWVF is now to nd a Galerkin approximation
Xn 2 X4, such that

(15) hXh;Yhix h Xh;Fthix = h 6. Fthix 8Yh 2 Xh:

For the analysis of the discrete UWVF, we introduce an operat Ay : Uy
Vij ' Unj  Vhj, Which corresponds to the left hand side of (13)-(14), and
Bj :Unj  Vhj !' Xp;, Which is related to its right hand side via

PAL; (Un;Vh); h niy v = (TU p+div vy p)g +(upsdivop)g (0 Ve on)T

1
(_Vh;nj; h;nj)@}'; 8 nh2 Vh;j; h 2 Uh;j ;
. 1
MBp; (Un;Vh); Yhix, = (=Vhn;: Yn)eTs 8Yh 2 X

Then, for Y; 2 Xp;, we can rewrite the local system (13)-(14) as

(16) PAR; (UnjsVig )i nis hjlu v = Bri (Vi) nis njly v

forall 8 ;, 2 Uyj and n; 2 Vij. Thereby Fy; can be written explicitly as
Frj Ynj = (id + 2B A By )(Yhy):

Lemma 5. If h is small enough, the discrete operatdf, : X, ! X}, is well
de ned and is an isometry.

Remark 6. The spaceX can be writtenX = X, X/ whereX; is the orthogonal
complement ofX}, using the inner product forX. For a function Y 2 X/, we
haveF,(Y) = Y. Thus Fy is an isometry onX also.
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Proof. The restriction onh is needed to ensure that the locapmixed problem (13)-
(14) has a solution. ForYy, 2 Xy, we evaluatekF,Yki = 123, KFnj Yhj k)2<j:
On an elementT; 2 Ty, let (Unj;Vhj) = Ah;leh;j Yh; be the local solution of
(13)-(14), then

1
KFnj Yhi K%, = (=(Ynj +2Vhin,)i Yhy +2Vnin ey
Z
1. . 4. . 1
(17) = =Y n; 2+ _JVh;j;anZ +4-Re Ypj Vhjn, dX
@7
To evaluate the last term above, we investigate the local pptem further. Setting
hj = Vhj;and pj = upj in (13)-(14) and adding the resulting equalities, we
thain ~
_ . o 1 _
Unj diV Vi Ong divvig 0 jupgj? i jvpgjdx = =(Yhj + Vhjn )Vhin, ds:
T QT
As the left-hand side of this equation is purely imaginary, Yotaking the real part
we get 7 7
1 1 5
~Re(Yh;j Vhjn,) ds= ~Vihjn - ds:
@7 @7

Inserting this into equation (17) shows
KFpj Yo kS, = KYnj K
ThereforeF, is an isometry onXj,.

Theorem 7. If the mesh sizeh is small enough and the polynomial degreeis
the same on all elements, the discrete UWVF (15) has a uniquelgion. The
local solution (un;vy) computed from the impedance traceXy, coincides with the
solution of the standard Raviart-Thomas system.

Remark 8. This theorem can be extended to the case of variable ordemedats
provided a single polynomial degree is chosen for each face ddge). We choose
pj on Fj and then if X; 2 Xy; we haveXijg, 2 PPi(Fy) and if X; 2 Xp;
we also haveXjjg; 2 PPi(Fj;). In addition the nite element spaceUy; and
Vi have to be chosen as a stable mixed pair of spaces such that,if2 V;
then nin,jr; 2 PP (Fy). The construction of such elements is possible in the
framework of hp-mixed methods[10] We shall not give details of the variable
degree scheme here since it very much complicates notation.

Proof. Due to the fact that Fy, is an isometry,F, Fi, = id, we obtain directly from
equation (15) that

R Xn; FrYnix h Xp;FrYnix = h e Fa(Yn)ix

But F, : X, ! Xy (and is invertible) and : X, ! Xj since we have assumed
that the polynomial degree is the same on all elements a@lis constant on each
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face, so that we have
FrnXh Xh=  Pne

wherePy, : X I X4, is the orthogonal projection (weighted by £ ).
On an interior facetF; = @T\ @7 this implies

FrjXnj = Xpi o and  FpiXpi = Xy

Let (Un;i;Vhi) 2 Uni  Vhis and (Unj;Vhj) 2 Unj Vi denote the nite ele-
ment solutions for the local problem (13)-(14) orT; and T; with boundary data
Xhi; Xn;j respectively. Then the above equations can be rewritten as

Xhj +2Vhjn; = Xni o and  Xpi + 2Vhin, = Xpy;

which implies normal continuity of the composite functionv, de ned by vy, =
v for eachj. Therefore, vy lies in the global Raviart-Thomas spacev,. It
remains to show, that the composite functionsu,;vy) 2 U, V, satisfy the
discrete mixed system (8)-(9).

One immediately sees that the rst equation in the mixed forralation (8) is
equivalent to equation (13). Now let ; be a standard basis function ol
associated with an internal facetF; so that its normal trace vanishes on all
facetsF 6 F;. Then equation (14) evaluated onl; and T, gives

(Uniidiv ng)r (0 Viis ni)n = (R%ni + Viin ) hiin DRy 5

(Uh;j ; div h;ij )Tj (l Vhis  hii )Tj = (l(xh;j + Vhijin i ); h;ij;n j)Fij .
Adding these equations, and using the fact that the compositfunction vy, is
normal continuous, we obtain

(18)

. . 1
(Un;div pi )rier (0 Ve wi)TirTy = (=(Kni X b +2Viini); hiign )Fy = O

Therefore the global Raviart-Thomas equation (9) is satised for , = 45 . For
internal basis functions (having vanishing normal tracesroall faces), it is obvious
that (9) is equivalent to equation (14).

Onaboundary facet; ,we have X, = QXy;,and thereforeFp; Xp; =

QXnj  Pn&, which implies

Xnj +2Vhjn; = QXnj  Png on j:

Let now ,; be a Raviart-Thomas basis function with non vanishing nornia
component onF; (and zero on all others). Then equation (14) reads

. . 1
(Unj;div pi)r (0 Vags gt = (= Xng + Vhgn, 5 hin )R

1 1
= ( gvh;j;nj

1+Q
q 1 1
1+Q

Phd: i )F

= ( —Vhiin | T A9 hin; )FJ
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where the last equality holds becausk;, is de ned face by face due to the dis-
continuous basis functions inXy,; . This means that the Raviart-Thomas system
is satis ed for ;.

Since we have existence and uniqueness of the global disngtoblem for suf-
ciently small mesh sizeh, we obtain unique local solutions ;;Vvn;) by re-
striction to element T;. Then Xy;jr, and Xp;jr; are determined uniquely by
(18).

3.2. Facet-based hybridization. In this subsection we derive another, more
standard, discrete hybrid problem formulation. As for the @crete Raviart-
Thomas problem, we use spaces of piecewise polynomial fims to approximate
(u;v). But, in contrast to the Raviart-Thomas case, we do not reqiue continuity
of the normal ux vy, across element interfaces. Using the local spadds ; Vh;
(see (6) and (7)), de ne

Un = j23,Unj; Vhi= 20, Vhy:

To derive equations for the discrete variables, we multiplyhe mixed version of
the Helmholtz equation (2) by test functions ( ; ) 2 Vi, Uy, and integrate by
parts on each element. Then

(fu:n) (divvson) 0;
(uidiv py)g +(i vy )+ (U hjnder =
i23n j23n
The discrete problem is now obtained by replacing and v above with u, 2 Uy,
and vy 2 V. In addition, we enforce continuity ofvy., by means of a Lagrangian
multiplier. Therefore, we introduce a discretization of tle trace of the scalar eld

ujr for each face in the mesh denoted| . This is de ned on the set of element
facetsFy. In particular we de ne the space

Uh = f lI‘T 2 LZ(F) II'TJ.Fij 2 I:)p(Fij )g
Then (Un;vhiup) 2 Up W, Uy satisfy
U p; div vy; = 0;
X _ | (fun FQ (F hy h)
(Un;div pg)r + (1 ves n) + 0 (Ups hgny)er = O
i23, (20,
forall (h; n)2 U, Wh.

The normal continuity of the ux across an internal facetF; can now be
imposed by

X

(Vh;j;nj * Vhiinis |’|]:)Fij =0 8 - 2 UF:
On the outer boundary, we have, due to the generalized impeuze boundary
condition,

(Vh;n+ UE; }'1:) =( Q Vhin + UE g; E) 8}52UFZ
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Reordering these terms element by element, we obtain
X

1
(Vhjin 5 E)@T‘*(—Uﬁi M = (—=0;5) 8§ 2UF:
(23, q 1 Q

In summary, we obtain a system, equivalent to the Raviart-Tbmas system, of
nding (Un;vh;ub) 2 Uy, W,  UF such that

(fun; np  (divve p) =0 8 h2 U

jZJh(Uh;j;diV hij )T, +(inh; h) +j2Jh(UE; hinj)er = 0 8 n2 VW,
jZJh(Vh;j;nj; Ner+(guhs £) = (1559 F)

812U

Numerical tests of this scheme (not shown) show poor converge of the iterative
schemes we tried (preconditioned Conjugate Gradients). Ehefore to stabilize
the method we then introduce a second scalar-valued unknowsj on the set of
facets, which corresponds to the normal ux. Because the omérd unit normal

changes its sign when switching from elemeiii to a neighboring elemenf;, also
the normal ux vy, ips sign. We put an index n to indicate this direction also
for the trace eld vi,. This means, on facef; , we havevy, = Vi, . Let Vi

be the space of all such functions, which are piecewiBé

Vi =f F2L3F): L = b 2 PP(Fy)g:

For later analysis, note that both U and Vj§ are subspaces oKy, used in the
discrete UWVF. Moreover, eachX 2 Xy can be written as a compositionX;, =
uf + vi,, whereuj is the average of the two-valued functiorXy, and v,
corresponds to the jump, provided is constant on each face (or edge).

Since the normal traces oRT, nite element functions in V, span this space,
we can add a consistent stabilization term

X F F
(Vh:j:nj Vh;nj » hijin h;n; )@T;
j23n

and obtain an equivalent equation.
An abstract formulation of this problem is to nd (up;vp;ub;vE) 2 U, W,
U5V such that

1
)
(e}
=

. o F-yFeo . F. F
Bh(uhyvhluhlvhl hsy hy h» h)
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forall (n; n; 7 F)2Un W UF Vi where
X N
Bn(Un; Vi UL sVES he by b )= (iu nj +div v ng),
j23n
(Ung;div ng)r + (i Vigs ng)t +(URS hgn et *
1 0
. F F oy F F. Fy .
(Vh:j:nj: h)@T (_(Vh;j;nj Vh;n,-)' hijin h;nj)@T +(auh: h) -

Using the operatorsAy; ; By de ned in the previous subsection, we see
X n

Fy — . . . H

h) = PAL ( UnjiVig)i  his hjly v+
i23n

= m

sy L EOE ..
Bh(Un; Vh; Us Ve ki b

0
F F. : . F; Fy. Fi
i+ UpiBhy njix; + BhjVhj; pix; + Bry(Vhy Vi) pix, +

In this formulation, the degrees of freedom fau,, and vy, are associated element
by element. This means that they can be eliminated locally. ©elementT;, we
solve the sub-system

PR ( UngiVing)s e hiiy v = DBy (Vi + ug)s hyiy;
which yields the solution
( UnjiVvhi) = (Apy) 1Bh;j (VR + up):
Hence, the global problem reduces to the Schur complemenstsm
1

(19) hS(uhivi) 5 Rix = h——=g; fix ;
1 Q

where the Schur operatolS;, is de ned by the relation

X n
hS(UR;vE) hs Rix = B (Ap;) 1Bh;j(VE+ up); n+ r']:ixj +

i23n

0
hvi; hix, +hup;= fix .

q

Lemma 9. Provided h is su ciently small, the hybridized discrete Helmholtz
problem (19) has a unique solution. The ux approximation dis in the global
Raviart-Thomas spacev, 2 V,. The formulation is equivalent to the Raviart-
Thomas method.

Proof. As we have seen when deriving the above system, it is equivdl¢o the
Raviart-Thomas case. The ux functionvy, has a continuous normal component
across element interfaces, therefore it lies in the globabRart-Thomas space.
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3.3. Comparison of the hybridization strategies. In this subsection, we
compare the two methods we considered so far in this sectioWe will see that
they are closely related by a change of variables, ifis piecewise constant on .
Already in [16], the UWVF was analyzed in a DG framework. We sea similar
relation for the polynomial-based versions proposed above

Throughout the following, let be piecewise constant, and constant on each
facet in the mesh. The functionX;, 2 X, will denote a solution to the discrete
ultra-weak variational formulation, we shall then constrat a pair (uf; v} ) and
show that the pair is a solution to the corresponding hybridied nite element
problem. We rst investigate the relationship of these soltions on an interior
facet.

Let F; = @T\ @] be an internal facet. Consider a solutioiXy, to the UWVF
problem. Obviously, there exist unique @ ;vE) 2 UF V7 such that
(20) Xh;j = VE;nj + UE; Xhi = Vl’ﬁ;m + uf on Fij :
We show that these (f ;v},) satisfy the corresponding hybridized equation. As
F; is a facet in the interior, if we use functionsY, 2 Xy that vanish on faces
away fromT; and T; the ultra-weak equation reads

hXh; Ynix h o Xn; Fa(Yh)ix =0:

Recalling that Xn; = Vi, + uf, we see that Xpj = Xni = Vi, + Uf.
Testing with Yni = Yy = [, which is continuous across$; , we obtain
X
0 = h VI'IT;n;< +u E; I'I1:|X h VE;nk +u E'(Id +ZBh:kAh;iBh;k)( I'I1:)|X
k= i3]
X

= h ZVE;nk; EIX h 2Bh;k(Ah;b Bh;k(VE;nk + UE); Eix:
k=i

As vf];nk ips sign when switching betweenT;; T;, the rst term cancels out, and
we obtain

X
(21) 0= rE’h:k(Ah;&) Bh;k(vlﬁ;nk-" UE); I'Ilzix:
k=1;j
Now, we test for the jumping functionYy; = [ ;Ynj = E;nj =Y phi
X
0 = h Vi + ULs hadx hvig + uf;(id +2BrcAniBhi) fn,ix
(22): h 2V|"T;nk; E;nkix h ZBh;k(Ah;&) Bh;k(vﬁ;nk +u E)’ E;nkix:

k=i;j

Adding the two equations (21), (22), we get an equivalent e@tion to the hy-
bridized Helmholtz system (19).
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Now, we consider a facef; lying on the boundary . Let again X, be a
solution to the UWVF problem. Then we can nd unique (f; V) such that

- F F. | F F_ F E _
(23)  Xnj = Vi ¥ Upi Vign + Up = QC Vi + Up)  Prgt

This implies Xn = Q( Vi, + UR)= Vi, + U + Phg. For the test function
Yh, We use

Yh: F--+ rf; E;nj+ E:O:
With these choices the ultra-weak equation (15) transformto
h VI"T;nj + ulﬁ; E;nj + I'I1:|X h VE;nj + UE'(Id +ZBh:j Ah;leh;j ) E;nj + I'T)IX
Usingvi, = tgPhg guf and [, = [ according to our choice, we obtain

th;j (Ah;jl) Bh;j (VE;nj + UE); E;nj + EIX

: : 1 :
Zh‘/E;nj; E;nj'x+2haurﬁ; hix, = Zﬁphg; hix
1 .
= Mgl b

where the last equality holds because is constant on each facet and which is
equivalent to the hybridized problem (19). These steps carelreversed to prove
that any solution of the hybridized system gives rise to a safion of the nite
element UWVF.

The equivalence of the two methods and an easy link betweeretkiariables has
thus been established. Since the nal solution of both meths is the solution
of the Raviart-Thomas method solution this is scarcely surgsing, however the
direct identi cation of variables provided in (20) and (23) shows that even the
auxiliary variables are linked.

4. Solver strategies

In this section, we propose strategies for solving the equans arising from
the discrete UWVF and the hybridized Raviart-Thomas formuation. The -
nite element UWVF results in a non-symmetric linear systemon which we use
a preconditioned GMRES method. On the other hand, the hybrided system
is complex symmetric. We observed good convergence behawiba precondi-
tioned CG method. For the preconditioner, we use a multiplative Schwarz block
preconditioner described in more detail shortly.

For the UWVF, one can also use traces of plane wave functionar the nite
element space, as done in [7]. We shall indicate how to couphe nite ele-
ment UWVF and plane wave UWVF later in this section, thereby &ploiting the
bene ts of both.
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4.1. Solving the UWVF equations. We rst derive a matrix problem corre-
sponding to the discrete nite element UWVF equation (15) bychoosing a basis
fXjk 1] 2 In; k2 1(j)g for the nite element spaceXy. For X the rst index

j denotes to which elementfl; the basis function is associated, whil& 2 1(j)

is the local degree of freedom off;. To obtain a basis for the full trace space
PP(F) on an element facef, we propose to use Legendre polynomials along the
edges in two space dimensions. In the three dimensional cage construct a
polynomial basis forPP on the triangle using the Du y transform. For X 2 X
we can determine a unique vecto);‘( = (Xxjk) such that

Xh = lj Xjk:

j2Jn k21(j)
Then we can rewrite problem (15) as the problem of nding< such that
DX C\X = F:

Here Dy, is a block-diagonal, symmetric, positive de nite sparse ntax de ned
by
(Dn)ij = MXu; Xijix;
whereasC,, is given by
(Chiga = h Xy Fa(Xj )ix;
andF = (f_ij) is the right hand side,f_ij = hg; Fa (X )ix:

As suggested in [7], we use the inverseldf, for preconditioning. As this matrix
is block-diagonal, a multiplication byD,, * can be done in optimal complexity. The
preconditioned equation reads
(24) (I D,'Ch)X = D, 'F:

We solve the preconditioned linear system (24) by a GMRES mnieid.

The original papers of Cessenat and Despes advocated solty (24) by a
damped xed point iteration. The following lemma ensures aavergence of such
a method also for the FE-UWVF.

Lemma 10. Let be an eigenvalue oD, *Cy. For h small enough, it satis es

i1
and 61:
Proof. Clearly, an eigenvalue is a generalized eigenvalue for an eigenvectgr,
ChX = D X

Due to the de nitions of the matrices Cy,; Dy, this implies
H:h Xh;Yhix = hXh;Yhix:

As Fy is anisometry inX, andk kx, x 1,weseg j 1. Thefactthat =1
is excluded follows from the unique solvability of the disete equation (15).
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4.2. Solving the hybridized system. In the same way as for the UWVF equa-
tions, we derive a matrix problem corresponding to the hybdized scheme for a
speci ¢ nite element basis. We choose basddJFg;fV g for UF;V/F respec-
tively. This de nes a vector representationt = (y;);¥ = (v;) of uf;vE, such
that X
up = uUT vp= o vV
| |

We can rewrite the Schur complement system (19) as
Sn(t;v) = Fi;

where the matrix and vector entries are given by evaluationfd;, and the right
hand side against basis functions);V .

To solve the discrete linear system arising from the hybrided Helmholtz equa-
tion, we use a preconditioned CG method. We obtained good a@ngence results
when using an additive Schwarz type block preconditioner. He blocks we use
contain all degrees of freedom corresponding to one elemeRbr an elementT;,
we de ne the index setly, such that it contains all indices of basis functions
corresponding to the facets of elemenl;. Let E; denote the restriction matrix
for elementT;, i.e., to the index setl .. Then the vector representations 4 ; vh)
can be decomposed (non-uniquely) into element vectos§ ;¥ such that

(v )= Ef(v):
i2Jp
The additive Schwarz preconditionerS ! is applied via
SHTi-N=  ES'E/(T:i-) S=ESE":
i2Jp
4.3. Coupling to plane waves. As proposed by Cessenat and Despes [7], we
can also discretize the UWVF-spaceX using impedance traces of plane wave

functions. On a plane wave element; with boundary @7, we use the following
basis functionsXj

1 @, .
Xij = I—@n"' id €,
g (x) = exp(idj x); dj :=(cos(2j=p;i);sinZ=p))":

As plane wave functions are solutions to the adjoint problertl2), the application
of Fn to X;; on @i reduces to
1 @ .
Fni (X)) = i @n+ id e:
A general rule of thumb (in two dimensions and for high) is to choose the order
of the nite element basis functions element by element so&ttonT; p, = ch; +1;
with ¢ = O(1), for both polynomial and plane wave ansatz functions (se[1] for
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an analysis of dispersion for high order nite elements on cengles where this
relation is proved).

On large elements, one can save a considerable number of degrof freedom
when using plane wave ansatz functions compared to polynats. On the other
hand, on small elements the plane waves are almost linearlggendent. However,
the two dierent types of nite elements can be coupled in a staightforward
way. This way, we can exploit the bene ts of both, using planevaves for large
elements of high order, and polynomials for those of low ondeAn example of
this technique is shown in Section 5.2.

5. Further Numerical results

In this section, we give some computational results in two a@nhthree space
dimensions that illustrate the behavior of our hybridizaton strategies.

5.1. Propagation in a simple domain. For our rst example, we prescribe the
incoming impedance tracq} %ﬁ u on the boundary of a unit square, such that the
solution is given byu = exp(id x), whered = (cos(1); sin(1)). We discretize the
domain by an unstructured triangular mesh containing 904 ements, with mesh
sizeh = 0:05. We test both methods for di erent values of . We use polynomial
nite element spaces of uniform ordemp = 1 and p = 3. In the UWVF, we
also use plane-wave elements with 10 directions as discalsgeSection 4.3, and a
variable-order approach where the order is de ned elementise byp=1+1:5h .
Then, we use polynomial elements up to order 4, and plane-veaelements for
the higher orders. As discussed in the previous section, wapty a GMRES/CG
solver to the respective preconditioned systems.

We compare the convergence of the iterative solvers for thevd methods for
di erent wave lengths and mesh sizes. In Table 1, we give thaimbers of iter-
ations needed to reduce the error by a factor of 18. For p = 1; = 80 the
plane wave solution is not resolved by the nite element furiions. Then the
GMRES method for the ultra-weak equation does not convergeitiin 1000 iter-
ations (for more details on computational aspects of the UWW see [18]). When
damping the hybridized system as described in Section 5.3gwbtain a solution
to the discrete equations within approximately 31 iteratims. In Figure 1, we plot
the discretization errorku  upk, > against the number of degrees of freedom for
the above problem. We use elements of orders zero or one on astructured,
globally re ned triangular mesh. As expected, we obtain liear or quadratic con-
vergence with respect to the mesh size. In Figure 2, we ploteherror versus
the wave-number for a xed mesh, again using elements of order O or 1. As
expected, the error increases with (as a result of dispersion error) even though
the number of iterations needed to obtain the solution is alost independent of

(see Table 1). When we use = 1+ h in our calculations, we see that the
dispersion error is controlled, and the global? error does not increase when
is growing.
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UWVF hybrid
p=1|p=3|p=10|var.p|p=1|p=3
5| 405 | 547 | 589 | 403 | 49 51
10| 368 | 485 | 461 | 364 | 49 49
20| 343 | 406 | 363 | 380 | 43 41
40| 315 | 377 | 316 | 385 | 39 39
80| | 359 | 325 | 295 { 37

Table 1. Number of iterations in GMRES/CG method when ap-
proximating the problem discussed in Section 5.1.

10 10
kappa=5 —— kappa=5 ——
kappa =10 - kappa =10 -
kappa =20 --* kappa =20 %
kappa = 40 & 1t e a kappa =40 &
kappa = 80 *. kappa = 80
linear quadratic

1t . ° 1 01f

0.01 F

01lF 0.001 f

le-04 F

le-05

0.01 " " " " "
100 1000 10000 100000 100 1000 10000 100000 le+06

Figure 1. Error ku upk_ 2 versus the number of degrees of free-
dom for the problem in Section 5.1: lefjp = O, right p=1. As
expected we obtain rst order accuracy whemp = 0 and second
order whenp = 1, and the error increases with wave-number .

In [1] it was shown, that on rectangular, tensor product eleents the primal p-
version nite element method converges ashie=(2(2p+1))) ?***. Now, we choose

in the above problem such thathe=(2(2p + 1)) = c for a polynomial degree
p varying from one to 16. We choose the constart 2 [0:5;1:5], and plot the
respective error curves in Figure 3. Foc small enough, we observe the expected
exponential convergence.

5.2. Coupling the nite element and plane wave UWVF. We compute the
solution of the Helmholtz equation on a 2D L-shaped domain thi wave-number

= 100 as shown in Figure 4. We assume a Dirichlet condition orhé¢ inner
boundary part of the L-shape, and a transparent boundary calition everywhere
else. At the corner point, a singularity of the solution occas. We use a triangular
mesh of mesh size 0.3, and a geometric re nement towards theentrant corner.
On each element, we compute its order by = ch +1 for ¢c' 1. This way we
get the number of degrees of freedom per wavelength, whichsaabserved to be
necessary to resolve the wave-like character of the solutioA reference solution
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01F

0.01 |

0.001 |

le-04 |

le-05

10 100

Figure 2. Error ku unk_ 2 versus wave-number whenp = 0
(333,056 dofs), andp = 1: (499,584 dofs). As expected the error
increases with , even though the number of GMRES/CG itera-
tions is essentially independent of (see Table 1). Forp=1+ h
the error even decreases slightly.

.........................
--------------
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error

le-04 |

1e-05 |

1le-06
1

polynomial degree p
Figure 3. Error ku unk_ > versus polynomial degreg, wave
number such that he=(2(2p+ 1)) = c. We see the exponential
convergence foc small enough.

can be computed using high order standard Raviart-Thomaserhents and mesh
re nement. This is shown in the top row of pictures in Figure 4 A blowup of
the solution near the reentrant corner shows why mesh re negnt is needed.

In the middle row of pictures we use a typical plane wave UWVFr@ without
mesh re nement towards the singularity. Clearly the solutbn near the singularity
is not well approximated. If the mesh is re ned towards the sigularity, the plane
wave UWVF can approximate the solution (see for example [D7]but there is
no advantage to plane wave bases on small elements, so wedadtpolynomial
elements for those elements where the order is small (ifg.is small), and plane-
wave elements everywhere else. For our example, the ordeassied between one
and fty, we obtained a total of only 4463 face-based degreed freedom. In
the bottom row of Figure 4, we display the solutioru and the absolute value of
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the gradient in the vicinity of the singular point with this combined approach.

When using polynomial elements only, we needed far more mamaesources.

To obtain a solution of similar accuracy as for the coupled @poach, we used a
ner mesh (h' 0:1), and elements of polynomial order up to 6, which resulted
in 37832 coupling degrees of freedom.

5.3. Damping of unresolved waves. Due to the oscillatory behavior of solu-
tions to the Helmholtz equation, a su ciently large number d degrees of freedom
per wavelength is necessary to resolve the solution (at Iéasfor a very high or-
der nite element method [1]). As the wave number increases, it may not
be possible to perform the calculations with su cient accuacy due to hardware
and/or time limitations. Then a method, where unresolved amponents of the
solution are damped, is desirable. Due to the fact that the UWF-operator Fy
is an isometry from the trace space&, into itself, the original method does not
provide such a damping e ect.
For the facet-based hybridization, we obtain a damping schee, when adding
a consistent stabilization term
BR(Un; Vi URIVEG i i hs R)E
heon) (U u)in Her
j23n

(25) Bh(Un; Vi ubsvEs o n

This method can be useful, when a good approximation of thelgtion is only
needed locally on a small portion of the underlying domain,nal no accuracy
is necessary in the remaining part. As an example, we use acdiar domain
of radius one, where we have some incoming impedance traceepcribed on
a concentric circular hole of radius 0.05. On the outside, wassume absorbing
boundary conditions. Now, we divide this ring into two parts ;; » by a further
concentric circle of radius 0.3. We use a mesh which has mawim mesh size
h; = 0:05 in the inner part ;, and mesh sizeh, = 0:25 in the outer part ».
This mesh consists of 892 triangular elements. We calculaiee solution, using
Raviart-Thomas elements of orders one to four. Then, the wawvis su ciently
well resolved on the inner part, but not on the outer ring. We alculate the error
arising on the inner ring,ku  uyk ,, using both the original and the damping
method. In Table 2, we see that the results are much better fdhe damping
scheme. In this case, also the CG method converges faster.Figure 5, we plot
the solution u, and its absolute valuejuyj for both schemes, using ordep = 3.
One can see the better quality of the solution when the dampinterm is added.

5.4. A three dimensional example.  As an example in three space dimensions,
we consider an object enclosed in the unit sphere. The wavenmoer is set to
= 40. On a small part of the boundary, we assume a source gen by an
inhomogeneous Dirichlet condition. The rest of the boundgris governed by an
absorbing boundary condition. We observe the eld scatteceon the object. We
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Figure 4. Results for the L-shaped domain. In the top row we
show a reference solution computed using variable order Rai-
Thomas elements. In the middle row we show the traditional phe
wave UWVF solution on an unre ned grid. Grid re nement is
necessary for the UWVF to obtain accuracy and in the bottom
row we show the solution computed using the plane wave UWVF on
large elements, and low order Raviart-Thomas functions omall
elements. Left: solutionu, right: jvj around singularity.
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error (CG-it.)

dofs damping original
5424 | 0.19005 (33) | 0.275907 (58)
8136 | 0.0627521 (90) 0.176839 (114
10848 0.0528101 (103) 0.193589 (125
13560| 0.0473072 (103) 0.157117 (129

A WN LT

Table 2. Here we show the e ect of adding the damping term in
(25) when the wave is under-resolved in a part of the domains,.
We compare the errotku  upk , on the remaining part, and give
the number of CG iterations needed for an error reduction of011°.
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Figure 5. Here we show the e ect of adding the damping term in
(25) when the wave is under-resolved (i.e. an insu cient nuier
of unknowns per wavelength). In the top row we show our origat
hybridization scheme with no damping (left: u, right : juj). In
the bottom row we show the corresponding results with dampin
added. When the damping term is included the iterative scheen
converges more rapidly.

expect singularities of the solution on the reentrant edgesising at edges of the
object. We do a two-level geometric mesh re nement towardshése parts. We
apply the facet-based hybridization method. We solve on a rele consisting of a
hybrid mesh of 14082 elements, usingTs=P° elements. This leads to 5828748
degrees of freedom, 1315956 of which are facet-based. Wed & iterations
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Figure 6. Solution uy in the interior (right), trace uf, on the boundary

Figure 7. Absolute value of ux jv,j, zoom to singularity

to reach an error reduction of 10%°. Figure 6 shows the scalar elduy in the
interior and its trace uf, on the object. In Figure 7, we plot the absolute value
of the ux, zooming to the singularity.

6. Conclusion

We have presented two methods for solving the Helmholtz edi@n with a
large wave number . One is an Ultra Weak Variational Formulation, the other
one stems from a hybridization approach similar to those deloped for Laplace's
equation. Both methods are based on a mixed formulation of ¢hproblem, and
using Raviart-Thomas nite elements. We showed that the twoschemes are
equivalent up to a change of variables.

In our numerical examples, we saw that the approximation pperties for both
the h and p version of the nite element method are as expected. We obtai
optimal algebraic convergence when doing uniform mesh reement. When in-
creasingp proportional to , we see the expected exponential convergence.

We solve both systems by iterative methods, namely a precatidned GMRES
method for the UWVF, and a preconditioned CG method for the hgridized equa-
tions. In the rst case, we used a mass matrix as a preconditier, as originally
proposed by Cessenat and Despres. For the hybridized eqi@ts, we propose
an additive Schwarz block preconditioner. In both cases, wabserve that the
number of iterations is independent of . However, the iteration counts obtained
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for the second scheme were much smaller than for the rst, gemably due to a
better preconditioner.

In the UWVF approach, the Raviart-Thomas based method can beasily cou-
pled to an UWVF using plane waves. This can be useful when sirlgrities in
the solution are to be resolved by geometric grid re nementBy using polynomi-
als/plane waves on small/large elements, serious ill-comidning of the matrix is
avoided, while a huge number of degrees of freedom can be dave
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