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Problem Formulation

Maxwell’s equation in the quasi-stationary case, i.e. for
eddy current problems, read as follows:

curlH = J
curl £ = —a—B,
ot
divB =0,

with the electric field E/, the magnetic field H, the induc-
tion B and the electric current density J.

Together with the relation H = v(|B|)B, the equations
transform to

Uﬁ_u + curl (¢(|curlu|) curlu) = f,

ot

where u is the vector potential and f denotes the sources.
We regard this equation in €2 x [0, T'] and add the boundary
condition u X . = 0 on I" x |0, T'] and the initial condition
u = up on 2 x {0}.

B-H-Curve

The relation between B and H is given by a set of mea-
sured data points, which are approximated by splines.

Due to the physical background the function s — v(s) - s
Is strictly monotone, and in our approximation we have
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Reluctivity v(|B|) for a ferromagnetic material

Existence and Uniqueness

Eddy current problems are essentially different for conduct-
ing (0 > 0) and non-conducting regions (o = 0).
In non-conducting regions, we face the equation

/chrlu-curlfv:/Qf’v, VveV,
Q

with V' = H(curl).
This problem is uniquely solvable in the space of divergence-
free functions, i.e. in V := V /W with

W ={w=grad¢: ¢ € H(Q)
and g =c;onT';, 1 <4 < p}.

Here, for multiply connected domains, we denote the p > 1
components of the boundary 02 by I';, 1 <1 < p.

In conducting regions, we are confronted with the
parabolic problem

Find u € Ly((0,T), V) with o € Ly((0,T), V"):
ou+ Alu) = F,

u(0) = wy,
with the operators

(A(u)(t), v) - /VWMMWWQMﬂ@wmﬂm

(F(t),v) = [ f(t)-v.

This problem is uniquely solvable for s — v(s)s monotone,

where V =V /W as above.

For divergence-free current source f and initial con-
dition wug, the solution is even unique in the space

W4 ((0,T), Hy(curl)).

For general eddy current problems, unique solvability
follows by connecting these two results.

Multiharmonic Ansatz

Since we have, f = f- cos(wt), the ansatz u = u° -

cos(wt) +u® - sin(wt) seems to be obvious. Because of the
nonlinear reluctivity v, however, the solution is not neces-
sarily harmonic, but still periodical. This gives rise to the
idea of a multiharmonic ansatz

N
u(x,t) ~ > [uj(x) - cos(kwt) + uj(x) - sin(kwt)] .
k=0
The same ansatz is used for the magnetic field H.
It can be shown that all even Fourier coefficients of u and
H vanish, provided the same holds for f.

Applying this ansatz to the original equation and testing
with cos(mwt) and sin(mwt) leads to
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where we assume N = 2n + 1.
With the abbreviations H = (H¢, HY, ...)!, and ana-

loguously w and f, the problem can be written in a more
compact way:

curl H(curlu) + wo Du = f,

or in weak formulation

/curlfvTI-I(curlu)—l—wavTDu: /va, V.
0
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Regularization

For the numerical solution of the variational problem, a reg-
ularization parameter € is introduced. More precisely, we set
o = € > 0 in the non-conducting regions. This perturbed
problem is uniquely solvable in the space Hy(curl)" .

The procedure is justified, because the equation is equiva-
lent to a uniquely solvable mixed problem. The latter can
be perturbed without changing its structure.

Consider, for example, the linear harmonic problem

a(u,v) = (Au,v) = (F,v), YveV. (1)

Denote the gradient fields by W. Then (1) is equivalent
to the mixed problem

a(u,v) + b(v, @)
b(u, )

with the bilinear form b(v, @) = [ v! ¢ dx, since we have

F,v), VveV,

(
0, Vip e W, (2)

u solves (1) = (u,0) solves (2),
(u, @) solves (2) = w solves (1).

With the perturbed bilinear form a(-, -), we have the fol-
lowing estimate (Strang):

|l —uly <C inf |||lu—ov|v+
veV/W |
. a(v,w) — a. (v, w) |
weV /W |w]|v

where wu is the solution of (2) < (1) and u, the solution
of the perturbed problem.
If for the perturbed bilinear form, we replace ¢ = 0 in
(2o C 2 by € > 0, we have

a(v,w) — a(v,w) = —€w "Dw.
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In cooperation with the START project hp-FEM.

Preconditioning

Finite element discretization of the perturbed linear har-
monic problem leads to the system

(et

For preconditioning this problem, we use the matrix

—~— —1
0—1:1 (A+ M)

(I [ )
—~— —1 y

2 (A+ M) I—I
where the approximate inverse of A + M is realized by

a multigrid iteration. We solve the linear system by the
Quasi-Minimal Residual method.

Newton lteration

The nonlinear problem is solved iteratively by Newton's
method. The convergence speed of this iteration obviously
is influenced by the properties of the nonlinear reluctivity
v. Since the relation between B and H is close to linear
for small inductions |B|, the iteration converges faster in
this case. For max |B| ~ 2, the method moderately slows
down:

max |B| = 0.87 ——
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Newton Steps

The speed of convergence depends on the maximal induction |B)|.

Numerical Results

We present some results for a shielding problem and for an
eddy current welding problem:

Geometry of a shielding problem. Induction at £ = 0.

Eddy currents (at £ = 0). Absolute value of eddy currents (at ¢ = 0).

Eddy currents for different ¢ (zoomed).

Geometry of an eddy current welding problem. Absolute value of induction in the slitted tube, zoomed (¢ = 0).
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Absolute value of eddy currents in the slitted tube, for different ¢ (zoomed).




