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Variationally posed eigenproblem (Laplace operator)

Abstract framework
H = L2(Ω), V = H1

0(Ω) ⊂ H Hilbert spaces

V compactly embedded in H

a(u, v) =
∫
Ω∇u · ∇ v dx V × V → R

bilinear, continuous, symmetric, coercive

b(u, v) = (u, v) H ×H → R
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Abstract framework
H = L2(Ω), V = H1

0(Ω) ⊂ H Hilbert spaces

V compactly embedded in H

a(u, v) =
∫
Ω∇u · ∇ v dx V × V → R

bilinear, continuous, symmetric, coercive

b(u, v) = (u, v) H ×H → R

Continuous problem
Find λ ∈ R such that for some u ∈ V with u 6≡ 0 it holds

a(u, v) = λb(u, v) ∀v ∈ V
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Laplace operator (cont’ed)
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−∆u = λu in Ω
u = 0 on ∂Ω
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Laplace operator (cont’ed)

Strong form

−∆u = λu in Ω
u = 0 on ∂Ω

Weak form
λ ∈ R, u ∈ V , u 6≡ 0:

a(u, v) = λb(u, v) ∀v ∈ V

Resolvent operator
T : H → H

a(Tf, v) = b(f, v) ∀v ∈ V
T (H) ⊂ V implies T is compact
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Laplace operator (cont’ed)

λ1 ≤ λ2 ≤ · · · ≤ λi ≤ · · ·
Ei = span(ui), normalization b(ui, ui) = 1
V =

∞
⊕

i=1
Ei
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v∈V

a(v, v)
b(v, v)

= R(v), u1 = arg min
v∈V

R(v)

λi = min
v∈

(
i−1
⊕

k=1
Ek

)⊥R(v), ui = arg min
v∈

(
i−1
⊕

k=1
Ek

)⊥R(v)
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Laplace operator: approximation

Vh ⊂ V , dimVh = N(h)

Discrete problem
Find λh ∈ R such that for some uh ∈ Vh with uh 6≡ 0 it holds

a(uh, v) = λhb(uh, v) ∀v ∈ Vh
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a(uh, v) = λhb(uh, v) ∀v ∈ Vh

Discrete resolvent operator
Th : H → H

a(Thf, v) = b(f, v) ∀v ∈ Vh

λ1,h ≤ λ2,h ≤ · · · ≤ λi,h ≤ · · · ≤ λN(h),h

Ei,h = span(ui,h), normalization b(ui,h, ui,h) = 1

Vh =
N(h)
⊕

i=1
Ei,h
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Laplace operator: approximation (cont’ed)
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Laplace operator: approximation (cont’ed)

Discrete Rayleigh quotient

λ1,h = min
v∈Vh

= R(v), u1,h = arg min
v∈Vh

R(v)

λi,h = min
v∈

(
i−1
⊕

k=1
Ek,h

)⊥R(v), ui,h = arg min
v∈

(
i−1
⊕

k=1
Ek,h

)⊥R(v)

A first easy consequence

λ1 = min
v∈V

R(v), λ1,h = min
v∈Vh

R(v) implies λ1,h ≥ λ1
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Laplace operator: approximation (cont’ed)

An alternative representation

λi = min
E∈Vi

max
v∈E

R(v)

where Vi denotes the set of all subspaces E of V with dimE = i
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R(v)

where Vi denotes the set of all subspaces E of V with dimE = i

Proof

minmax ≤ λi
Take E =

i
⊕

k=1
Ek, v =

i∑
k=1

αkuk, use orthogonalities

and λk ≤ λi for all k ≤ i to get R(v) ≤ λi

minmax ≥ λi
If E 6=

i
⊕

k=1
Ek then there exists v ∈ E with v ⊥ uk for

all k < i, hence R(v) > λi
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Laplace operator: approximation (cont’ed)

The discrete counterpart
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E∈Vi,h

max
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Laplace operator: approximation (cont’ed)

The discrete counterpart

λi,h = min
E∈Vi,h

max
v∈E

R(v)

where Vi,h denotes the set of all subspaces E of Vh with dimE = i

Consequence

For all i = 1, . . . , N(h) one has λi,h ≥ λi
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Convergence of eigenvalues/eigenfunctions
Some notation
m : N→ N such that for N ∈ N
λm(1) < λm(2) < · · · < λm(N)
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Convergence of eigenvalues/eigenfunctions
Some notation
m : N→ N such that for N ∈ N
λm(1) < λm(2) < · · · < λm(N)

δ̂(E,F ) = max(δ(E,F ), δ(F,E)), where E,F subspaces of H

δ(E,F ) = sup
u∈E, ||u||H=1

inf
v∈F
||u− v||H

Definition of convergence
∀ε > 0, ∀N ∈ N, ∃h0 > 0 such that ∀h ≤ h0

I max
i=1,...,m(N)

|λi − λi,h| ≤ ε

I δ̂

(
m(N)
⊕

i=1
Ei,

m(N)
⊕

i=1
Ei,h

)
≤ ε
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Convergence of eigenmodes (cont’ed)

Uniform convergence

||T − Th||L(H)→ 0
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Convergence of eigenmodes (cont’ed)

Uniform convergence

||T − Th||L(H)→ 0

Theorem
If T is selfadjoint and compact

Uniform convergence ⇐⇒ Eigenmodes convergence

Strategy
In case of compact operator:

1) prove uniform convergence,

2) estimate the order of convergence
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Galerkin approximation of compact operators

Bramble–Osborn ’73

Osborn ’75

Kolata ’78

Céa’s Lemma
Th = PhT , with Ph projection w.r.t. bilinear form a
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Céa’s Lemma
Th = PhT , with Ph projection w.r.t. bilinear form a

T − Th = (I − Ph)T

If (I − Ph) converges to zero pointwise and T is compact, then

T−Th converges to zero uniformly (consequence of Banach–Steinhaus

theorem) Proof and remarks
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Estimating the order of convergence

Kolata ’78

Babuška–Osborn ’91

If you know

||T − Th||L(V ) = ε(h)
||T ∗ − T ∗h ||L(V ) = ε∗(h)
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Estimating the order of convergence

Kolata ’78

Babuška–Osborn ’91

If you know

||T − Th||L(V ) = ε(h)
||T ∗ − T ∗h ||L(V ) = ε∗(h)

then

|λi − λi,h| ≤ C(ε(h)ε∗(h))1/αi αi ascent of λi

δ̂(Ei, Ei,h) ≤ Cε(h)
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Spectral approximation of noncompact operators

Kato ’66

Vainikko ’69

Descloux–Nassif–Rappaz ’78

Two main assumptions

(P1) ||T − Th||h→ 0
(P2) lim

h→0
δ(v, Vh) = 0 ∀v ∈ V

where ||A||h = sup
v∈Vh ||v||=1

||Av||V
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Spectral approximation of noncompact operators

Kato ’66

Vainikko ’69

Descloux–Nassif–Rappaz ’78

Two main assumptions

(P1) ||T − Th||h→ 0
(P2) lim

h→0
δ(v, Vh) = 0 ∀v ∈ V

where ||A||h = sup
v∈Vh ||v||=1

||Av||V

Theorem (P1) and (P2) imply Th is compactly approximating T in

the sense of Vainikko
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Approximation of noncompact operators (cont’ed)

Consequences of (P1) and (P2)

I ∀K ⊂ ρ(T ) compact, ∃h0 s.t. K ⊂ ρ(Th) ∀h < h0
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Approximation of noncompact operators (cont’ed)

Consequences of (P1) and (P2)

I ∀K ⊂ ρ(T ) compact, ∃h0 s.t. K ⊂ ρ(Th) ∀h < h0

I lim
h→0

δ(u, σ(Th)) = 0 ∀u ∈ σ(T )

I lim
h→0

δ(u,Eh(Vh)) = 0 ∀u ∈ E(V ) ∀Γ Jordan curve in ρ(T )

I lim
h→0

δ(Eh(Vh), E(V )) = 0 ∀Γ Jordan curve in ρ(T )
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Approximation of noncompact operators (cont’ed)

Error estimates: if you know

δ(E(V ), Vh) = ε(h)
δ(E∗(V ), Vh) = ε∗(h)
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Approximation of noncompact operators (cont’ed)

Error estimates: if you know

δ(E(V ), Vh) = ε(h)
δ(E∗(V ), Vh) = ε∗(h)

then (P1) and (P2) imply

max
i−1,...,m

|λ− λi,h| ≤ C(ε(h)ε∗(h))1/α α ascent of λ

δ(Fh(V ), E(V )) ≤ Cε(h) Fh(V ) sp. proj. of PhTPh
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Eigenproblems in mixed form

Mercier–Osborn–Rappaz–Raviart ’81

B.–Brezzi–Gastaldi ’97-’00

Let’s start again with Laplace problem

Source problem
σ ∈ H(div; Ω)= Σ, u ∈ L2(Ω)= U{

(σ, τ) + (div τ, u) = 0 ∀τ ∈ Σ (σ = ∇u)
(div σ, v) = −(f, v) ∀v ∈ U (−div σ = f)
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Let’s start again with Laplace problem

Source problem
σ ∈ H(div; Ω)= Σ, u ∈ L2(Ω)= U{

(σ, τ) + (div τ, u) = 0 ∀τ ∈ Σ (σ = ∇u)
(div σ, v) = −(f, v) ∀v ∈ U (−div σ = f)

Matrix form (Σh ⊂ Σ, Uh ⊂ U)(
A Bt

B 0

)(
σ̃

ũ

)
=

(
0
−f̃

)
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Laplace eigenvalues in mixed form

Find λ ∈ R such that for some (σ, u) ∈ Σ× U with u 6≡ 0{
(σ, τ) + (div τ, u) = 0 ∀τ ∈ Σ
(div σ, v) = −λ(u, v) ∀v ∈ U
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Matrix form (Σh ⊂ Σ, Uh ⊂ U)(
A Bt

B 0

)(
σ̃

ũ

)
= −λ

(
0 0
0 MU

)(
σ̃

ũ

)
Remark. Similarly, one can deal with problems of the type(

A Bt

B 0

)(
σ̃

ũ

)
= λ

(
MΣ 0
0 0

)(
σ̃

ũ

)
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Definition of the resolvent operator
A first natural (but wrong) definition
T1 : U → Σ× U
T1(f) = (σ, u)

One would like to compute eigenvalues. . .
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Definition of the resolvent operator
A first natural (but wrong) definition
T1 : U → Σ× U
T1(f) = (σ, u)

One would like to compute eigenvalues. . .

T2 : (Σ× U)′→ Σ× U
T2(g, f) = (σ, u) with{

(σ, τ) + (div τ, u) =< g, v > ∀τ ∈ Σ
(div σ, v) = −(f, v) ∀v ∈ U

TΣU
(g, f) cutoff7−→ (0, f)

T27−→ (σ, u)
L2 × L2 −→ L2 × L2

is compact
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Uniform convergence?

Let’s try to follow Kolata’s argument

TΣU − TΣU,h = (I −Qh)TΣU
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Uniform convergence?

Let’s try to follow Kolata’s argument

TΣU − TΣU,h = (I −Qh)TΣU

✓ ||(I −Qh)(σ, u)||Σ×U → 0 for all (σ, u) ∈ Σ× U

✗ TΣU : L2 × L2→ Σ× U is not compact

✗ TΣU : Σ× U → Σ× U is not compact either

Remark: standard mixed estimates don’t help

||σ − σh||Σ + ||u− uh||U ≤ C inf
τh,vh

(||σ − τh||Σ
O(1)

+ ||u− vh||U
O(h)

)
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A counterexample

B.–Brezzi–Gastaldi ’00

Ω square of side π

Mesh of subsquares divided into 4 triangles (crisscross)

Σh = {continuous p.w. linears (componentwise)}
Uh = div Σh ⊂ {p.w. constants}
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A counterexample

B.–Brezzi–Gastaldi ’00

Ω square of side π

Mesh of subsquares divided into 4 triangles (crisscross)

Σh = {continuous p.w. linears (componentwise)}
Uh = div Σh ⊂ {p.w. constants}

Theorem
For all f ∈ L2(Ω) there exists a unique solution (σh, uh) ∈ Σh × Uh

such that

||σ − σh||Σ + ||u− uh||U → 0

That is ||(I −Qh)(σ, u)||Σ×U → 0 pointwise
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A counterexample (cont’ed)

exact computed
1.00000 1.00428 1.00190 1.00107 1.00068
1.00000 1.00428 1.00190 1.00107 1.00069
2.00000 2.01711 2.00761 2.00428 2.00274
4.00000 4.06804 4.03037 4.01710 4.01095
4.00000 4.06804 4.03037 4.01710 4.01095
5.00000 5.10634 5.04748 5.02674 5.01712
5.00000 5.10634 5.04748 5.02674 5.01712

5.92293 5.96578 5.98074 5.98767
8.00000 8.27128 8.12151 8.06845 8.04383
9.00000 9.34085 9.15309 9.08640 9.05537
9.00000 9.34085 9.15309 9.08640 9.05537

d.o.f. 254 574 1022 1598

Spurious eigenvalues See them!
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A counterexample (cont’ed)

Theorem

With this choice of spaces, there exist a sequence {fh} ⊂ U s.t.

||u− uh||U 6→ 0

D. Boffi – Linz, 2003 ←→ ↑ 22



Definition of the resolvent operator (cont’ed)

A better definition
TU : U → U

σ ∈ Σ, Tf ∈ U such that{
(σ, τ) + (div τ, Tf) = 0 ∀τ ∈ Σ
(div σ, v) = −(f, v) ∀v ∈ U
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Remark: standard mixed estimates don’t help again

||σ − σh||Σ + ||u− uh||U ≤ C inf
τh,vh

(||σ − τh||Σ
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O(h)

)
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Definition of the resolvent operator (cont’ed)

A better definition
TU : U → U

σ ∈ Σ, Tf ∈ U such that{
(σ, τ) + (div τ, Tf) = 0 ∀τ ∈ Σ
(div σ, v) = −(f, v) ∀v ∈ U

Remark: standard mixed estimates don’t help again

||σ − σh||Σ + ||u− uh||U ≤ C inf
τh,vh

(||σ − τh||Σ
O(1)

+ ||u− vh||U
O(h)

)

Remark: we need an estimate for uh which does not involve div σ
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Uniform convergence ||TU − TU,h|| → 0

I Ellipticity in the kernel

||τh||2L2 ≥ α||τh||2Σ for all τh ∈ Σh s.t. {(div τh, v) = 0, ∀v ∈ Uh}
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||τh||2L2 ≥ α||τh||2Σ for all τh ∈ Σh s.t. {(div τh, v) = 0, ∀v ∈ Uh}

I Fortin operator Πh : Σ+→ Σh s.t.
(div(σ −Πhσ), v) = 0 ∀v ∈ Uh

||Πhσ||Σ ≤ C||σ||Σ+

||σ − σh||L2 ≤ C

(
||σ −Πhσ||L2 + (1/

√
α) inf

vh∈Uh

||u− vh||U
)

||u− uh||U ≤ C

(
inf

vh∈Uh

||u− vh||U + ||σ − σh||L2

)
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Uniform convergence ||TU − TU,h|| → 0

I Ellipticity in the kernel

||τh||2L2 ≥ α||τh||2Σ for all τh ∈ Σh s.t. {(div τh, v) = 0, ∀v ∈ Uh}

I Fortin operator Πh : Σ+→ Σh s.t.
(div(σ −Πhσ), v) = 0 ∀v ∈ Uh

||Πhσ||Σ ≤ C||σ||Σ+

||σ − σh||L2 ≤ C

(
||σ −Πhσ||L2 + (1/

√
α) inf

vh∈Uh

||u− vh||U
)

||u− uh||U ≤ C

(
inf

vh∈Uh

||u− vh||U + ||σ − σh||L2

)
Proof
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Fortid condition

Definition
The spaces Σh, Uh satisfy the Fortid condition if there exists a Fortin

operator which converges strongly to the identity operator, namely

Πh : Σ+→ Σh s.t.

(div(σ −Πhσ), v) = 0 ∀v ∈ Uh

||Πhσ||Σ ≤ C||σ||Σ+

||σ −Πhσ||L(Σ+,L2)→ 0

D. Boffi – Linz, 2003 ←→ ↑ 25



Final convergence result
Theorem
Assume ellipticity in the kernel and Fortid condition

For any N ∈ N define ρN(h) :]0, 1]→ R as

ρN(h) = sup

u∈
m(N)
⊕

i=1
Ei

(
inf
vh

||u− vh||U + ||∇u−Πh∇u||L2

)

Then ||TU − TU,h||L(U)→ 0 and the following estimates hold true

m(N)∑
i=1

|λi − λi,h| ≤ C(ρN(h))2

δ̂
(m(N)
⊕

i=1
Ei,

m(N)
⊕

i=1
Ei,h

)
≤ CρN(h)

D. Boffi – Linz, 2003 ←→ ↑ 26



Conclusions of first part

☛ Spectral approximation of compact operators is related to uniform

convergence
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Maxwell eigenproblem
Maxwell system for vector phasors

curl E = −jωµH in Ω
div(εE) = 0 in Ω
curlH = jωεE in Ω
div(µH) = 0 in Ω
E × n = 0 on ∂Ω
(µH) · n = 0 on ∂Ω
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Maxwell eigenproblem
Maxwell system for vector phasors

curl E = −jωµH in Ω
div(εE) = 0 in Ω
curlH = jωεE in Ω
div(µH) = 0 in Ω
E × n = 0 on ∂Ω
(µH) · n = 0 on ∂Ω

Eliminating H gives

curl(µ−1 curl E) = ω2εE in Ω
div(εE) = 0 in Ω
E × n = 0 on ∂Ω

D. Boffi – Linz, 2003 ←→ ↑ 28



The model problem
Remark: for simplicity of notation ε, µ = 1, set u = E , λ = ω2

(see also Fernandes–Gilardi ’97 and Caorsi–Fernandes–Raffetto ’00)
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The model problem
Remark: for simplicity of notation ε, µ = 1, set u = E , λ = ω2

(see also Fernandes–Gilardi ’97 and Caorsi–Fernandes–Raffetto ’00)

Find λ ∈ R s.t. for some u ∈ H0(curl; Ω) ∩H(div0; Ω) with u 6≡ 0

(curlu, curlv) = λ(u,v) ∀v ∈ H0(curl; Ω) ∩H(div0; Ω)
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The model problem
Remark: for simplicity of notation ε, µ = 1, set u = E , λ = ω2

(see also Fernandes–Gilardi ’97 and Caorsi–Fernandes–Raffetto ’00)

Find λ ∈ R s.t. for some u ∈ H0(curl; Ω) ∩H(div0; Ω) with u 6≡ 0

(curlu, curlv) = λ(u,v) ∀v ∈ H0(curl; Ω) ∩H(div0; Ω)

λ = 0 is not an eigenvalue

Drop the divergence free constraint: u = ∇ϕ+ curlψ

I ∇ϕ λ = 0

I curlψ  λ > 0 are the same as before
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The model problem (cont’ed)

Find λ ∈ R s.t. λ 6= 0 and for some u ∈ H0(curl; Ω)= Σ with u 6≡ 0

(curlu, curlv) = λ(u,v) ∀v ∈ Σ

Same eigenvalues as before!
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The model problem (cont’ed)

Find λ ∈ R s.t. λ 6= 0 and for some u ∈ H0(curl; Ω)= Σ with u 6≡ 0

(curlu, curlv) = λ(u,v) ∀v ∈ Σ

Same eigenvalues as before!

Finite element approximation
Σh ⊂ Σ
Find λh ∈ R s.t. λh 6= 0 and for some uh ∈ Σh with uh 6≡ 0

(curluh, curlv) = λh(uh,v) ∀v ∈ Σh

D. Boffi – Linz, 2003 ←→ ↑ 30



Numerical tests

It is well-known that the use of nodal elements is not practicable

D. Boffi – Linz, 2003 ←→ ↑ 31



Numerical tests (cont’ed): edge elements

D. Boffi – Linz, 2003 ←→ ↑ 32



Mixed formulations

Kikuchi’s formulation Kikuchi ’89

Find λ ∈ R s.t. for some u ∈ Σ with u 6≡ 0 and p ∈ H1
0(Ω)= Q

(M1)
(curlu, curlv) + (v,∇ p) = λ(u,v) ∀v ∈ Σ
(u,∇ q) = 0 ∀q ∈ Q
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Mixed formulations

Kikuchi’s formulation Kikuchi ’89

Find λ ∈ R s.t. for some u ∈ Σ with u 6≡ 0 and p ∈ H1
0(Ω)= Q

(M1)
(curlu, curlv) + (v,∇ p) = λ(u,v) ∀v ∈ Σ
(u,∇ q) = 0 ∀q ∈ Q

Alternative mixed formulation B.–Fernandes–Gastaldi–Perugia ’99

Find λ ∈ R s.t. for some u ∈ curl Σ= U with u 6≡ 0 and σ ∈ Σ

(M2)
(σ, τ) + (curl τ, u) = 0 ∀τ ∈ Σ σ = − curlu
(curlσ, v) = −λ(u, v) ∀v ∈ U curlσ = −λu

Proof
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Discrete mixed formulations
Kikuchi’s formulation
Find λh ∈ R s.t. for some uh ∈ Σh with uh 6≡ 0 and ph ∈ Qh

(M1,h)
(curluh, curlv) + (v,∇ ph) = λh(uh,v) ∀v ∈ Σh

(uh,∇ q) = 0 ∀q ∈ Qh
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Discrete mixed formulations
Kikuchi’s formulation
Find λh ∈ R s.t. for some uh ∈ Σh with uh 6≡ 0 and ph ∈ Qh

(M1,h)
(curluh, curlv) + (v,∇ ph) = λh(uh,v) ∀v ∈ Σh

(uh,∇ q) = 0 ∀q ∈ Qh

Alternative mixed formulation
Find λh ∈ R s.t. for some uh ∈ Uh with uh 6≡ 0 and σh ∈ Σh

(M2,h)
(σh, τ) + (curl τ, uh) = 0 ∀τ ∈ Σh

(curlσh, v) = −λh(uh, v) ∀v ∈ Uh

Theorem
M1,h ⇐⇒ M2,h and equiv. to original problem (λh 6= 0) provided

∇Qh ⊂ Σh and curl Σh ⊂ Uh
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de Rham complex (commuting diagram property)

Douglas–Roberts ’82

Q ⊂ H1
0(Ω), Σ ⊂ H0(curl), U ⊂ H0(div), S ⊂ L2(Ω)

0→ Q
∇−→ Σ curl−−→ U

div−−→ S/R → 0

↓ ΠQ
h ↓ ΠΣ

h ↓ ΠU
h ↓ ΠS

h

0→ Qh
∇−→ Σh

curl−−→ Uh
div−−→ Sh/R → 0
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Lowest order edge elements

D. Boffi – Linz, 2003 ←→ ↑ 36



Conditions for good approximation of eigenvalues

I Ellipticity in the kernel

||τh||2L2 ≥ α||τh||2Σ

for all τh ∈ Σh s.t. {(curl τh, v) = 0, ∀v ∈ Uh}
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